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Abstract 

This article is devoted to the investigation of wrap groups of con- 
nected fiber bundles over the fields of real R, complex C numbers, the 
quaternion skew field H and the octonion algebra O. Cohomologies 
of wrap groups and their structure are investigated. Sheaves of wrap 
groups are constructed and studied. Moreover, twisted cohomologies 
and sheaves over quaternions and octonions are investigated as well. 

1 Introduction. 

Geometric loop groups of circles were first introduced by Lefshetz in 1930-th 
and then their construction was reconsidered by Milnor in 1950-th. Lefshetz 
has used the C°-uniformity on families of continuous mappings, which led 
to the necessity of combining his construction with the structure of a free 
group with the help of words. Later on Milnor has used the Sobolev's iJ^- 
uniformity, that permitted to introduce group structure more naturally [36] . 

The construction of Lefshetz is very restrictive, because it works with the 
C° uniformity of continuous mappings in compact-open topology. Even for 
spheres S"' of dimension n > 1 it does not work directly, but uses the iterated 
loop group construction of circles. Then their constructions were generalized 
for fibers over circles and spheres with parallel transport structures over C. 
Smooth Deligne cohomologies were studied on such groups p!2]. 

Wrap groups of quaternion and octonion fibers as well as for wider classes 
of fibers over R or C were defined and various examples were given together 
with basic theorems in [2T]. Studies of their structure were begun in [22] . 
This paper continues previous works of the author on this theme, where 
generalized loop groups of manifolds over R, C and H were investigated, but 
neither for fibers nor over octonions [23 l 131 1 [29 l [30]. 
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Holomorphic functions of quaternion and octonion variables were inves- 
tigated in [271 [Ml EH] . There specific definition of super-differentiability was 
considered, because the quaternion skew field has the graded algebra struc- 
ture. This definition of super-differentiability does not impose the condition 
of right or left super-linearity of a super-differential, since it leads to narrow 
class of functions. There are some articles on quaternion manifolds, but prac- 
tically they undermine a complex manifold with additional quaternion struc- 
ture of its tangent space (see, for example, [HHl El] and references therein). 
Quaternion manifolds were defined in another way in [25]. Applications of 
quaternions in mathematics and physics can be found in [9l [HI \T5\, [20) . 

Geometric loop groups have important applications in modern physical 
theories (see [T7|, [33] and references therein). Groups of loops are also in- 
tensively used in gauge theory. Wrap groups can be used in the membrane 
theory which is the generalization of the string (superstring) theory. Fiber 
bundles and sheaves and cohomologies over quaternions and octonions are 
interesting in such a respect, that they take into account spin and isospin 
structures on manifolds, because there is the embedding of the Lie group 
U (2) into the quaternion skew field H. 

This article is devoted to constructions and investigations of cohomolo- 
gies and sheaves of wrap groups. Moreover, over quaternions and octonions 
twisted cohomologies and sheaves are studied. Twisted analogs of bar reso- 
lutions of sheaves and smooth Deligne cohomology are investigated as well. 
This is done over twisted multiplicative groups. Previously the complex case 
and with loop groups of fiber bundles on spheres was only studied. This 
article treats the quaternion and octonion cases and wrap groups of general 
fiber bundles. 

All main results of this paper are obtained for the first time and they are 
given in Theorems 34, 36, 44, 48.1, 55, 58, 60, Propositions 6, 14, 15, 19, 26, 
27, 29, 32, Corollaries 7, 8, 33, 45 and 47. Here the notations and definitions 
and results from previous works [I2l[l3l[2ll[22l[23l[3ll[29l[30]are used. 

2 Cohomologies of wrap groups 

1. Remarks and Definitions. Consider a triangulated compact polyhe- 
dron M may be embedded into and its sub-polyhedron Sm of codimension 
not less than two, codim{SM) > 2, where M \ Sm is a C°° smooth manifold 
such that M \ Sm is dense in M. If the covering dimension (see Chapter 7 
[To] ) of M\Sm is dim{M\SM) = b, then by the definition M is of dimension 
b. Then Sm is called the singularity of M. A pseudo-manifold M is oriented, 
if M \ Sm is oriented (see also §1.3.1 [21]). 
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If M \ Sm is without boundary, then the triangulated pseudo-manifold 
M is called a pseudo-manifold cycle. If (F, dY) is the pair consisting of 
a triangulated pseudo-manifold Y and a boundary dY , such that Y \ Sy 
is a manifold with boundary dY \ Sy, dY is a pseudo-manifold cycle with 
singularity Sy H dY, then (Y, dY) is called the triangulated pseudo-manifold 
with boundary. 

A pre-sheaf F on a topological space X is a contra-variant functor F 
from the category of open subsets in X and their inclusions into a category 
of groups or rings (all either alternative or associative) such that F{U) is a 
group or a ring for each U open in X and for each U C V with U and V open 
in X there exists a homomorphism Suy : F{V) F{U) such that Su,u = 1 
and SjjySvx = Su,y for each U <ZV dY with V, Y open in X. 

Let Fx denotes the family of all elements / G F{U) for all U open in 
X with X d U. Elements / G F{U) and g G -F(V^) are called equivalent if 
there exists an open neighborhood F of x such that sy^uif) = syy{g). This 
generates an equivalence relation and a class of all equivalent elements with 
/ is called a germ fx of f at x. A set J-'^ of all germs of the pre-sheaf F at 
a point x G X is the inductive limit JF^, = ind — limF(f/) taken by all open 
neighborhoods f/ of x in X. 

In the set J-' of all germs JF^ take a base of topology consisting of all sets 
{fx G JFj. : X G U}, where / G F{U). This induces a sheaf S generated by a 
pre-sheaf F. 

A sheaf of groups or rings (all either alternative or associative) on X is a 
pair ((S, h) satisfying Conditions {SI — 54): 
(5*1) iS is a topological space; 
(5*2) /i : iS — i> X is a local homeomorphism; 

(5*3) for each x G X the set JF^. = h~^{x) is a group called a fiber of the 
sheaf iS at a point x; 

(S'4) the group or the ring operations are continuous, that is, iSA5 3 
(a, h) ah~^ G 5 or S^S 3 [a, b) ^ ab d S and SAS 3 {a,b) ^ a + b E S 
are continuous respectively, where SAS := {(a, 6) : a,b E S,h{a) = h{b)}. 

We can consider pre-sheafs and sheafs of different classes of smoothness, 
for example, if* or if*, when the corresponding defining sheaf and pre-sheaf 
mappings Suy, h and group operations are such and S and F are ii* or ii* 
differentiable spaces respectively (see also §1.3.2 [21]). 

Consider a sheaf iSat^g generated by a pre-sheaf f/ i— {/ G Homp{{W^^ E)t,H, G) '■ 
supp{f) C f/}, where [/ is open in N and supp{f) C f/ means that there 
exists y E N and 17 G Hp{M,N) with 17(50,^) = x for each g = l,...,k and 
^Vl-^cg) = y for each q = k + 1, ...,2k and 7 G ii*(M, {sq,, : g = 1, ...,2k}; N,y) 
such that 7 = 7 o S and / =< 17 V 7 >t,H, where the wrap group (W'^E)t,H 
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is taken for a marked point y E N , E : M ^ M is the quotient mapping as 
in [21]. 

In particular, we can take G = A^, and call Sn,a* the sheaf of infinitesimal 
holonomies, where 1 < r < 3. 

In view of Property (P4) [2T] for each non-singular points y & N and 
u E Ey in the fiber Ey of E over y there exists an Ar vector subspace of 
the tangent bundle T^E at u called a horizontal subspace of TuE such that 
7i^:\h^ '■ Hu — * TyN is an isomorphism, where ti{u) = y, t' > [dim{E)/2] + 2 
or t' = CX3, since there exist generalized derivatives in the Sobolev space if* 
(see §111.3 |34j)- This is the case for all y E N and u E Ey when and E 
are of class if* instead of if* . 

Due to (PI) the family {Hu} of horizontal subspaces of TE depends 
smoothly on u. Suppose that F is a vector field in TE corresponding to a 
vector field X in TN such that 7i^,(Y) = X, then 

{CDl) TuE = Hu © Vu, where Vu = 7r~^(0) C TuE is the space of vectors 
tangent to Eu at u. In accordance with (P3) the horizontal spaces are G- 
equivariant, that is, 

{CD2) Huz = {Rz)*Hu, where is the diffeomorphism of E given by 
the multiplication on z from the right and (Pz)* corresponds to the tangent 
mapping TR^ for the tangent fiber bundle TE. 

A family H = {Hu C TuE : u E E, n^u) = y E N} is called the connec- 
tion distribution of the principal fiber bundle E{N,G, tt, \E'), if Hu depends 
smoothly on u and the Conditions {CD1,CD2) are satisfied. 

2. Definitions and Notes. Two smooth principal G fiber bundles E and 
E' with connection distributions {E, H) and (P', H') are called isomorphic if 
there exists an isomorphism f : E ^ E' of smooth principal G fiber bundles 
f -E^ E' such that /,(P) = H'. 

A connection distribution H on E determines a parallel transport struc- 
ture on E posing P|[„ E Hp{M,E) with P^^(so,g) = u for each q = 
1, ...,k and vr o P^^ = 7 such that T^P^^ =: (P|^„(a;), PP|[„(x)) for each 

xEM, where 7 E H'^{M, {so,q : q = I, 2k}; N, yo), PP|^„(a;) E P^(,), TP 
is the tangent mapping of P (see [T9]). 

Thus there exists a bijective correspondence between parallel transport 
structures and connection distributions on E. Therefore, the mapping H t-^ 
induces a bijective correspondence between isomorphism classes of par- 
allel transport structures and connection distributions. 

Using the exponential function on Ar gives exp{Ar) = ^* for 1 < r < 3 
(see §3 [271 EH). 

If P is a principal A* fiber bundle with 1 < r < 3, then for each v E Vu 
there exists a unique z{v) E Ar such that v = [d{y exp(6 z{v))/db]\b=o, where 
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6 G R. Therefore, for each connection distribution {Hu : u G E} on E a 
differential 1-form w over Ar exists such that w{Xh + Xy) = z{X^) for each 
X = Xh + Xy E Hu ®Vu = TuE and w is G-equivariant: {Rz)*w = w due to 
the G-equivariance of {Hu : u G E}, here G = A*. 

A differential 1-form w on so that it is G-equvariant and w{Xv) = z{Xjj) 
for each X„ G is called a connection 1-form. 

Two smooth principal G fiber bundles with connections {E, w) and {E', w') 
are called isomorphic, if there exists an isomorphism f : E —>■ E' of smooth 
principal G fiber bundles such that f*{w') = w. 

For w there exists a connection distribution on E for which = 
ker{wu) C T^E^ that induces a bijective correspondence between differen- 
tial 1-forms and connection distributions on E. Hence w t-^ produces 
a bijective correspondence between isomorphism classes of connections and 
connection distributions. 

Then there exists a wrap group {W'^ E;N,A*^V)t,H, where a parallel 
transport structure P is associated with the covariant differentiation V of 
the connection w. 

The curvature 2-form Vt over 1 ^ ^ 3, of a connection 1-form 
w on a, smooth principal fiber bundle E[N, G, tt, \E') over Ar is given by 
Vl[X, Y) = dw{hX, hY), where hX and hY are horizontal components of the 
vectors X and Y. 

3. Remark. If r/ G Hp{K, E)^ ^ > 1, and is a differential form on E^ 
then there exists its pull-back rj*^ which is a differential form on where K 
is an ifp-pseudo-manifold. For orientable K and E and an if* diffeomorphism 
1] of K onto E and z/ with compact support ri*^ = e ^^p, where e = 1 if 
preserves an orientation, e = — 1 if changes an orientation (see [51 1521 125] ). 
In particular, K = E{M,G,tim,^^^) can be considered, rj = (?7o,?7i), tjq : 
M ^ N, 7] : E{M) E{N), t^n °V = '^m, Vi ° = pr2 <=> is a 

projection in charts of E from E into G, rji = id may be as well. 

Suppose that M and E are an Ar holomorphic manifold and principal 
fiber bundle, such that E is orientable and 2^ — 1-connected, which is not 
very restrictive due to Propositions 13 and Note 14 p2]. If 7 G Hp{M, {sQ^g : 
q = 1, fc}; A^, 2/0)7 then consider a path Ig joining the point So^q with So,ij+fc, 
where 1 < q < kjg : [0, 1] M. Therefore, := 7 o ^ : [0, 1] and 
p*w := {pg, id)*w is a differential form on [0, 1], where w is an Ar holomorphic 
connection one- form on E. We get that j*w is a differential one-form on M 
and there exists its restriction u^^g := 7*w|j^p^]. 

Then we have also 7 G Hp{M, {so,g : g = 1, k}; N, yo) and Ig : ^ M 
and Pg : N respectively, where 7 = 7 o H (see [2lj), is the unit circle 

in C with the center at zero, while C = Cm is embedded into Ar as R©MR 
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with M e A, Re{M) = 0, |M| = 1, when 2 < r < 3. 

Since w is Ar holomorphic, then J^w does not depend on a rectifiable 
curve but only on the initial and final points 0(0) and 0(1), : [0, 1] — 
(see Theorems 2.15 and 3.10 in [27l [28] and [30]). 

Consider now the principal fiber bundle E with the structure group A*, 
where 1 < r < 3. Then the pull-back p*E of the bundle ii^ is a trivial A^- 
bundle over S^. The latter bundle carries a pull-back connection diff'erential 
one-form p*w. Take the pull-back p*{p*w) one form, where p : ^ p*E is 
a trivialization of the fiber bundle p*E — > 5*1. 

The parallel transport structure P^,„(a;) for (M, E) with x E M induces 
the parallel transport structures P^^^,.(s) for {S^,p*E) with s G [0,1] for 
each q = 1, k, where Pq{u*) = u. Then the holonomy along 7 is given by 

(H) h{-f) = {hi,...,hk) e with hq = hq{-f) = exp[- /^i p*(p;u;)] for 
each q = I, k. 

If ( : ^ p*E is another trivialization and / : S"^ — > C%j satisfies ( = 
fp, so that f{v) = exp(M27r^(w)), where 9{v) E R, M2Tid9{v) = dLn{f{v)), 
V E S^, JgidO is an integer number, since R is the center of the algebra 
Ar, where Ln is the natural logarithmic function over Ar (see §3.7 and The- 
orem 3.8.3 [28] and [27l [32]). Therefore, Formula (H) is independent of a 
trivialization p, since C*(Pg'^) = P*{p*q'^) + dLn{f), but exp[/5i dLn{f)] = 1. 

4. Non-associative bar construction. Let G be a topological group 
not necessarily associative, but alternative: 

(Al) g{gf) = {gg)f and {fg)g = f{gg) and g-\gf) = f and {fg)g-^ = f 
for each f,gEG 

and having a conjugation operation which is a continuous automorphism of 
G such that 

(CI) conj{gf) = conj{f)conj{g) for each gj EG, 
(C2) conj{e) = e for the unit element e in G. 

If G is of definite class of smoothness, for example, if* differentiable, then 
conj is supposed to be of the same class. For commutative group in particular 
it can be taken the identity mapping as the conjugation. For G = ^* it can 
be taken conj{z) = z the usual conjugation for each z E where 1 < r < 3. 

Denote by A" := {(xq, x„) E R""*"^ : Xj > 0, Xq + Xi + ... + x„ = 1} the 
standard simplex in R"+^. Consider (v4G)„ as the quotient of the disjoint 
union lJfc=o(^'^ ^ G^^^^ by the equivalence relations 

(I) (xo, ...,Xfc,5'o, ■■■,9k) ~ (a;o, Xj ...,Xk,go, ■■■,gj, ■■■,gk) for gj = 
gj+i or Xj = with < j < A;; {xq, ...,Xk, go, ■■■, gk) ~ (xo,...,Xfc_i + 
Xk, 9o, ■■■,9k-i) for gk-i = gk or x^ = 0. 

Consider non-homogeneous coordinates < ti < t2 < ■■■ < tk < I 
on the simplex A'^ related with the barycentric coordinates by the formula 
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tj = Xq + Xi + ... + and ho := go, hj = Qj^iOj for j > on G'''^^. 
Hence /iq^i = go{9o^9i) = 9i, {hohi)h2 = 91(91^92) = 92 and by inductfon 
{{...{hohi)...)hk-i)hk = gk-i{9k-i9k) = 9k- 

Then equivalence relations (1) take the form: 

(2) {ti, ...,tk, ho[hi\...\hk]) {t2, ...,tk, {hohi)[h2\...\hk]) for ti = or /io = 

e; 

{h, ...,tk,ho[hi\...\hk]) ^ {ti, ...,tk,ho[hi\...\hjhj+i\...\hk]) for = 
tj+i or hj — e; 

(ti, ho[hi\...\hk]) ~ (ti, ...,tfc-i, /?.o[/?.i|...|/?.fc-i]) for 4 = 1 or = e. 

Denote by l^o; ■■■,Xk,9o, ■■■,9k\ the equivalence class of the sequence 
{xq, ...,Xk,9o, ■■■,9k)', by |ti, ■■■,tk, ho[hi\...\hk] \ denote the equivalence class of 
the sequence {ti, tk, ho[hi\...\hk\). 

Then the space AG is the quotient of Ufclo ^ G^^^ by the above equiv- 
alence relations (1), where (A'' x G^^^) n (A"" x is empty for k ^ m. 

Introduce in G""*"^ the equivalence relation y-. 

(3) (5(0, ...,5'„)3^(go, •••,gn) if and only if there exist G G with 
A; e N such that = Pfc(pfc-i...(p2(]?i<Zj))----) for each j = 0, 

Evidently this relation is reflexive: {90, ■■■,9n)y{9o, ■■■,9'n) with pi = e 
and k = 1. It is symmetric due to the alternativity of G. since Qj — 
|jfc(pfc_i...(p2(pigi))--) is equivalent with = Pi^{P2^ ■■■{Pk-AVk^ 9j))-) for 
each j = 0,...,n. This relation is transitive: {90, 9n)y{(lo, ■■■,(ln) and 
(go, •••,g„)3^(/o, --M/n) implies {90, ■■; 9n)y{fo, ■■■, fn), since from 

5'j =Pfc(Pfc-i--(P2(pi?i))---) and g^- = s/(si_i...(s2(si/j))....) 
it follows = Pfc(Pfe-i---(p2(pi(sK'^/-i---("52(si/j))----)))----) for each j = 0, ...,n, 
where /c, / G N, pi, ■■■,pk, Si, E G. In a particular case of an associative 
group G parameters k = 1 and / = 1 can be taken. 

Consider in Ufc=o ^ the equivalence relations: 

(4) {xo, Xk, [90 : ... ■■ 9k\) ^ {xq, ■-, Xj + Xj+i, Xk, [90 : ... : gj : ... : 9k\) 
for gj = or xj = with < j < k; (xq, x^, ^fQ, 9k) ~ (a^o, a;fe-i + 
Xk, [go : ... : gk-i]) for 5(fc_i = gk or Xfc = 0, where [go: ... : gk] := {(go, Qk) G 
G'''^^ : {qo, ■■■,qk)y{9o, ■■■,9k)} denotes the equivalence class of (5(0, 5^^) by 
the equivalence relation 3^. Put {BG)n to be the quotient of Ufc=o^'^ 

by equivalence relations (4). 

Using the inhomogeneous coordinates on {BG)n rewrite the equivalence 
relation (4) in the form: 

(5) (ti, ...,tk, [hi\...\hk]) ~ (^2, ■■■,tk, [/i2|---|/ifc]) for ti = or /lo = e; 

(ti, ho[hi\...\hk]) ~ (ti, ...,tfc, for tj = tj+i 

or /ij = e; 

(ti, ...,tfe, ~ {ti, ...,tk-i, [hi\...\hk-i\) for tk = l or = e. 

Denote by \xo, ..■,Xk,[go '■ ■■■ '■ gk]\ the equivalence class of the sequence 
{xo, ■■■,Xk,[gQ '■ ■■■ '■ gk])', by t^, denote the equivalence class 
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of the sequence {ti, ...,tk,[hi\...\hk]). Then BG is the quotient of the disjoint 
union U^lo ^ ^^e equivalence relations (4). 

Then there exists the projection tt^ : AG — > BG by the formula: 
(6) TT^ : \xo, ...,Xk,go: ■■■,gk\ ^ \xo, ■■■,Xk,[go ■ ■■■ ■ gk]\ or in the non- 
homogeneous coordinates by 7r|) : \ti, ...,tk, ho[hi\...\hk]\ ^ \ti, ...,tk,[hl\...\hk\\■ 
Th.e conjugation in G induces that of in AG and BG such that: 
conj{ti, ...,tk, ho[hi\...\hk\) := {h, ...,tk, conj{ho)[conj {hi)\...\conj {hk)]) and 
conj{ti, ...,tk, [hi\...\hk]) := {h, ...,tk, [conj{hi)\...\conj{hk)]). 
Suppose that 

{A2) G = Goio © Giii © ... © G2^-i'i2^-i such that G is a multiplicative 
group of a ring G with the multiplicative group structure, where Gj = Gj \ 
{0}, Gq, G2^-i are pairwise isomorphic commutative associative rings and 
{io, i2'--i} are generators of the Cayley-Dickson algebra Ar, 1 < r < 3 and 
{yik){ysis) = {.yiys){iiis) is the natural multiplication of any pure states in G 
for Hi e Gi. If a group G and a ring G satisfy Conditions {Ai, A2,C\,C2), 
then we call it a twisted group and a twisted ring over the set of generators 
{io, ^2'^-!}, where 1 < r < 3. The unit element of G denote by e. For 
example, G = {A^Y and G = A"^. 

5. Definitions. Let A^. be a family {A^„ : n E N} of either C°° smooth 
or Hp manifolds together with either C°° or if* mappings dj : Nn -/Vn-i 
and Sj : Nn+i for each j = 0, 1, n satisfying the identities: 

(1) dkdj = dj-idk for each k < j, 

(2) SkSj — Sj+iSk for each k < j, 

(3) dkSj = Sj-idk for k < j, dkSj = id\N„ for k = j,j + 1, dkSj = sjdk-i 
for k > j + then is called a simplicial either smooth or manifold. 

The geometric realization |A^. | of A^. consists of IJn>o ^ Nn/S, where £ 
is the equivalence relation generated by {d^x,y)S{x,djy) for {x,y) e A""-*^ x 
Nn, {s^x,y)£{x, Sjy) for {x,y) e A"+^ x N^, where U denotes the dis- 
joint union of sets, the maps : A"~^ — > A" and : A""*"^ — > A" are 
such that d^{xo, ...,Xn-i) = (xq, Xj-i, 0, ,Tj, x„_i) and s^{xo, ...,Xn+i) — 
{xq, Xj-i, Xj + Xj+i, Xj^2, ■■■,Xn+i) in barycentric coordinates. 

A G°° or Hp space structure on the geometric realization |A^. | of A^. con- 
sists of all continuous C°° R- valued or Hp Ar valued functions / on |A^. | 
respectively, that is the composition lI„>o(A" — 9A") x Nn ^ LJn>o^"' ^ 

Nn — ^ |A^.| Ar is either C°° or i?*', where q denotes the quotient map- 
ping, r = 0orl<r<3 correspondingly, = R, = C, A2 — H, 
^3 = 0. 

6. Proposition. If a group G satisfies Conditions 4{A1,A2,G1,G2), 
then sets AG and BG can be supplied with group structures and they are 
twisted for 2<r<3. If G is a topological HausdorfJ or Hp difjerentiable 
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alternative for r = 3 or associative for < r < 2 group, then AG and BG 
are topological Hausdorff or G°° or differentiahle alternative for r = 3 or 
associative for < r < 2 groups respectively. 

Proof. Define on AG and BG group structures. Introduce a homeo- 
morphism pairing: A" x A'^ A""'"'^, where a is a permutation of the set 
{1,2, ...,n + m + 1} such that < t^(2) < ... < t^(n+k+i), cr G Sn+k+i, Sm 
denotes the symmetric group of all permutations of the set {1, m}. Define 
the multiplication for pure states in AG: 

(1) \ti, ...,tn, ho[hi\...\hn] \ * \tn+l, ••■,^n+fc+l, 1 ■ • • | ^n+fc+l] | : = 
|^(t(1), ■■■,'ta(n+k+l), ( — l)''*''^''(^0^n+fc+2)[/'-cr{l)|---|/'-<T{n+fc+l)]|, 

where hi = yiij(i), yi G Gj{i) for each / = 0, 2^ — 1, g(cr) G Z is such that 

(-l)'?Mzj(0)(ij(i)...(ij(„+A:+l)^j(n+fc+2))---) = (^j(<7{0)) ^i(<7{n+fc+2)) ) (^j(<7{l)) • • • 

{ij(a(n+k)))ij{a{n+k+i)))---) in Ar] whllc in BG: 

(2) ...,tn, [^l|---|^n]| * ■■■■,tn+k+li 1 • • • | ^n+fc+l] | '■ = 
l^o-(l) , • • • , ta{n+k+l) , ( — 1)^*^'^) [^o-(l) I • • • I ha(n+k+l)] \ , 

where hi = yiij{i), yi G Gj{i), p{a) G Z is such that 
(-l)p('^)ij-(i)(ij-(2)...(ij(„+fe)ij(„+fc+i))...) = 

^i(cr(l))(^j(CT(2))---(^i((T(n+fc))^j((7(n+fc+l)))---) in Ar- 

Define also an addition in AG: 

(1') |ti, ...,t„, /lo[/?'l|...|/in]| + \in+l-, ■■■,'t'n+k+li ^n+fe+2 1 • • • | ^n+fc+l] | 
:= 1^(7(1), to-(n+fc+l), ( — 1)''^'^'*(^0 + ^n+A:+2)[^o-(l)|---|^a(n+fc+l)]| 

with j(0) = j(n + A; + 2); as well as an addition in BG: 

(2') ...,tn, [hi\...\hn] I + |t„4.i, tn+k+1, [hn+1, ^n+fc+l] | 

= tcr(n+fc+l), ( — l)^'^'^-'[^(T(l)|---|^cr(n+fc+l)]| 

for pure states hi = yiij(i), yi G Gi for each / = 0, 2'' — 1. The multiplica- 
tions (1, 2) extend to that of rings in the natural way, when some pure states 
are zero, hence due to the distributivity on the entire ring as well. 

Since G is the ring, then these multiplications have unique extensions on 
AG and BG. Verify, that AG and BG become groups with multiplications 
(1) and (2) respectively. 

Due to (1, 2) we get 

(3) v*conj{v) = \ti, ...,tk, {hoconj{ho))[{hiconj{hij)\...\{hkconj{hk))]\ for 
each V = \ti, tfc, /io[/ii|....|/iA:]| in AG, while 

w*conj{w) = \ti,...,tk,[{hiConj{hi))\...\{hkConj{hk))]\ 
for each w = \ti, ...,tk,[hi\....\hk]\ in BG, where hconj{h) G Gq for each 
h E G, but Go is the center of the ring G: ah = ha for each a G Gq and 
h E G. The Moufang identities in Ar for r = 3 (see [H]) induces that of in 
G such that 

(4) {xyx)z = x{y{xz)) and {x~^yx)z = x^^{y{xz)); 

(5) z{xyx) = {{zx)y)x and z{x~^yx) = {{zx^^)y)x; 
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(6) {xy){zx) = x{yz)x and {x'^^y){zx) = x~^{zy)x, since 

(7) x~^ = conj{x){x conj(x))~\ 
where {xconj{x)) G Go- 

The unit element in AG is 
e := {|ti,...,tfc,e[e|...|e]| G iAG)k : k = 0,1,-}, 
where io = 1, since 

...,tn, ^o[^i|---|^n]| * \tn+i, Wfe+1, e[e|...|e]| = 

e[e|...|e]| * |ti, t„, /lo[/?-l|---|/in]| = 

/io[^i|---|^n]| due to equivalence relations 4(2), (1, 1, e[e|...|e]) G 
...,tfc,e[e|...|e]|. 

The ring G is Z2 graded in the sense that elements yiji G Giji are even for 
/ = and odd for I = 1, ...,2' - 1: {yoio){yiyi) = {yik){yoio) = {y^ydk e Gik 
for each < / < 2'' - 1, {yflif = -yfio G Gq^o, {yik){ykik) = -{yk^k){yik) = 
{yiyk)is £ Gsis for 1 </ 7^ A; < 2*" — 1, where is = iiik- For each pure states 
Qoi ■■■,gk £ G their product {...{gogi)g2...)gk is a pure state, consequently, sets 
AG and BG are Z2 graded analogously to G having even and odd elements 
such that 

(8) AG = {AGo)io © (AGi)ii © ... © {AG2r-i)i2r-i and 

(9) BG = {BGo)io © {BGi)ii © ... © (5G2._i)i2'-i. Each AGj and SG^ 
is an associative topological Hausdorff or Hp differentiable group isomorphic 
with AGq or BGq correspondingly for each j, since Gj are commutative and 
associative (see also Appendix B4 in [l3]), where Gq denotes the multiplica- 
tive group of the ring Gq. Therefore, AG and BG are the multiplicative 
groups of the rings AG and BG. 

If a G AGo or a G BGq, then ab = ha for each h G AG or BG respectively. 
From Definition 6 it follows, that they are G°° or groups, when such is 
G. 

The inverse element is 

(10) {|ti,...,tfe,/io[/ii|-|/ife]| : k}-^ = {\tu...,tk.K^[K\..\hl^]\ : k} 
due to (2, 6), since 

(/io(/^i...(/^fc-i/^.)...))((...(/^fc'/^fc\).../^r')/^o') = 

for pure states for each k in view of the Moufang identities (4 — 6). In general 
it follows from (3, 8, 9), since v*conj{v) G AGq or BGq for v G AG or f G BG 
respectively, hence = conj{v){v * conj{v))~^ = {\ti, ...,tk, ho[hi\...\hk]\ : 
k}-\ 

In view of (8, 9) and the existence of an inverse element we get, that 
AG is alternative, since 1 < r < 3. Putting Hq = 1 and applying the 
equivalence relation y we get, that BG is also an alternative group, since the 
multiplicative group {io, ^7} is alternative. If G is associative, for example, 
when 1 < r < 2, then AG and BG are associative, since the multiplicative 
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group {^0)^1)^2,^3} is associative. 

Thus, groups AG and BG are Z2 graded, hence they are twisted over 
{io, ...,i2r-i}. Consider for G multiplication and addition operations, then 
they induce them for AG and BG as above. It follows, that EG and BG are 
twisted rings. 

7. Corollary. Let suppositions of Proposition 6 be satisfied, then AB"^G 
and B"^G are topological or or differentiable groups respectively for 
each m > 1. Moreover, all maps in the short exact sequence e B'^G 
AB'^G B'^^^G e are continuous or G°° or if* correspondingly. 

Proof. Define differentiable space structure by induction. Suppose that 
it is defined on B'^G and A'' x {B"-G)"^ for k,m>0, where a > 1. Then / : 
AB'^G Ar is C°° or ii* if the composition IJn>o(^"-^A") x ^ 
AB^G ^ Ar is either or if*', while / : B^+^G A is or ii* if the 

composition IJn>o(^" - ^^") x (^''G)" ^ B^+^G Ar is either C°° or 
if* , where < r < 3. 

A function / : A'' x Ar is C°° or if* if the composition 

A'' X (IJn>o(A" -9A") X (E^G)")™ X (E^+^G)™ A is either 

or if* . From this it follows that all maps in the short exact sequences 
are of the same class of smoothness. 

Then the mappings B^G x B^G B^G and AB^G x AB^G AB^G 
of the form {f,g) ^ fg~^ are G° or or if* in respective cases due to 
Formulas 6(1 — 3,8 — 10) (see also §1.3.2 [21] and §1 and Appendix B in [T3j). 

8. Corollary. If a group G satisfies Conditions 4{A1, A2,G1,G2), then 
there exist H^^ groups AB''{W^^'^''':''-'^=^'-'''^E)t,H and B''{W^'^'^">'''--'^=^'-''''^E)t,H 
for each a G N. 

Proof. The wrap group (H/A^-{«o,,:<?=i,...,fe}^. jy, G, P)t^H is a principal G'' 
bundle over {W^^'^''>''''-'>=^'-'''^N)t^H, where {W^^'^'''''''-'^=^'-'''''^N\h is commu- 
tative and associative (see Proposition 7(1) in [22]). 

If (? G G, then g has the decomposition g = g^io + ... + g2^-iiT-i with 
gj G Gj for each j = 0, 1, 2*^ — 1 and 

(1) go = ig + - 2)-^{-g + Efjl' ^si9^*s)})/2 and 

(2) g, = {z,{T - 2)-'{-g + Efji' ^s{9^:)} - ^7^i)/2 

for each j = 1, 2^' — 1. Therefore, each go, ■■■,92^-1 has analytic expressions 
through g due to Formulas (1,2). Fix this representations. Then the if* 
differentiable parallel transport structure P with the groups G induces the 
if* differentiable parallel transport structures jP with groups Gj. 

Since G'' is isomorphic with ®o<j{i),...,j(k)<2--i{Gj(i)ij(i), Gj{k)ij{k)) which 
is isomorphic with 0o<j(i),...,j(/fc)<2'--i <^o(«j(i)) ...) ij(fc)), then 
(^p^A/,{so,,:g=i,...,fc}^. P)t,H is isomorphic with a group 
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{/ = ifu-Jk) e eo<,-(i),...,,(,)<2._i[(W^''''^^°-'^=^'---''=>i?;iV,Go,P)*,H u {0}] 

: /i ^ 0, 7^ 0}, where (ij^i), ...,ij^k)) e and (^;)^ 

has the embedding into the family of all A; x matrices with entries in Ar as 
diagonal matrices, {W^^'^^°''''''^^''"'''^E; N,Gj,P)t,H is commutative for each 
j = 0, 2^-1 due to Theorem 6 [21]. 

The construction of Proposition 5 above has the natural generalization 
for G'^ instead of G such that 

AG'' = 0o<j(i),...j(fc)<2'--i(^G'j(i)ij(i), 

which is isomorphic with 0o<j(i)^...j(fc)<2'-_i ^G'o(«j(i), ij(A;)), also 

B& is isomorphic with 0o<j(i)_...j(jfc)<2'-_i -BG'o(«j(i), «j(A:)), consequently, 
^(^p^M,{so,,:g=i,...,fc}^. pj^ ^ jg isomorphic with a group 

Vn = \ti, ...,tn, ho[hi\...\hn]\,hj ^ OVj, V^} and 
5(^iyAf,{so,,:g=i,...,fc}^. pj^^ jg isomorphic with 

{v e eo<,(i),...,,(fc)<2^-i[i?(W^*''^^«-^=^'---''^>i?;iV,Go,P)i'^^ : 
Vn = \ti,...,tn, [hi\...\hn]\, hj ^ OVj, Vn}. Continuing this by induction on a 
and using Corollary 7 we get the statement of this corollary for each a G N. 

9. Lemma. Let N be a C°° or manifold over Ar with < r < 3 
and G a C°° or differentiate group. If f : N ^ BG is a mapping such 
that for each y & N there exists an open neighborhood V of y in N such that 
f\v = |/o,/i,---,/n, [5'i|---|5'n]| with /o, •••,/„ being C°° or differ entiable 
mappings, then f is either C°° or if* differentiable mapping correspondingly. 

Proof. If h : BG — > is a G°° or if* mapping, then for each n > 1 

the composition A" x G" BG — ^ Ar is of the corresponding class. 

For the commutative diagram consisting of — > BG — ^ Ar and N — > 
A" xG" BG and f = Qbof, where /:= (/o, ...,/„, /ii, both / and 
ho are continuous G°° or if*. Then the composition h o f = h o o f is 
continuous and either G^ or if*, where as usually ho f{y) := h{f{y)). Thus 
f : N —> BG is continuous either G°° or if* respectively. 

10. Twisted bar resolution and hypercohomologies. For a twisted 
group G satisfying Conditions 4(yll, A2, Gl, G2) the composition of the short 
exact sequences 

(1) e B'^G AB'^G B°-^^G e induces the long exact sequence 

(2) e^G^ AG ^ ABG ^ AB'^G ^ ... ^ AB^G ^ 

where for each a > the homomoprhism a : AB'^G AB"-^^G is the 
composition AB^'G B^+^G AB'^+^G of the surjection AB^G B''+^G 
and the monomorphism B"-^^G AB°'^^G. 

In view of Corollary 7 the short exact sequence (2) is a C°° or if* B°^G- 
extension of B'^^^G. Hence the long exact sequence (2) induces the long 
exact sequence of twisted sheaves 
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(3) e Gn AGn ABGn AB^Gn ^ ... AB^'Gn ^ 

... 5 

which we will call the (twisted) bar resolution of the sheaf Gat, where Gn 
denotes the sheaf of C°° or if* functions on with values in G. 

Suppose that S* and JF* are complexes of sheaves of ^-modules, where Q 
is a sheaf of rings, where S* and JF* and Q may be simultaneously twisted over 
{^0, ~^}. Then a homomorphism mapping cr : 5* — > JF* of such com- 
plexes induces a mapping of cohomology sheaves H-'(cr) : H^{S*) H^{J-'*), 
where W{S*) is the sheaf associated with the pre-sheaf f/ t— > [ker(T{U, T^)) 
r(f/, J^^+^))]/im[iT{U, P-^)) r(f/, P))], where T{U, S^) denotes the group 
of sections of the sheaf for a subset U open in X (see also §1). Then a is 
called a quasi-isomorphism, if W{a) is an isomorphism for each j. 

We consider complexes bounded below, that is there exists jo such that 

= for each j < Jq. 

A mapping a : S* ^ T* is called an injective resolution of S* if T* is 
a complex of ^-modules bounded below, cr is a quasi-isomorphism and the 
sheaves are injective, which means that Hom{B,T^) Hom{}C,T'^) is 
surjective for each injective mapping /C ^ i3 of sheaves of ^-modules. 

Let ^ be a constant sheaf of rings, may be twisted over {io, ^2'--i}. 
Suppose that S* is a complex of ^-modules bounded below. The hypercoho- 
mology group h^^{X,S*) is defined to be the ^-module such that 

hH\X,S*) := [keriT{X,T'>) ^ r(X, r^+i)]/[2m(r(X, T^-^) ^ T{X,T% 
If a : S* ^ JF* is a quasi-isomorphism, then a induces an isomorphism of 
the hypercohomology groups: 

a : h^\X,S*) ^ h\^\X,J^*) (see also fT3] and the reference [EV] in 
it). In view of Lemma 16 ^22j the hypercohomology groups h^^{X,S*) are 
twisted over {io, ...,22'^-i}, when S* and Q are twisted over {^o, ■■■,i2^-i}- 

11. Proposition. The sequence 10{3) is an acyclic resolution of the 
sheaf Gn- 

Proof. Each standard simplex A" with n > 1 has a C°° retraction 
z : A" X [0, 1] — > {y} into a point y belonging to it. 
There exists a G°° deformation retraction 

(1) / : AG X [0, 1] AG supplied by the family of mappings 

(2) /„ : {AG\, X [0, 1] ^ (AG)„+i, where 

(3) {AG)n := qA{Uj<n^' X C AG and 

(A) f\{\ti,...,tn,ho[h^\...\hn]lt) := |$(0, t), $(ti, t), <l>(t„, t), /io[/ii|...|M |, 
where $ : [0, 1]^ — >• [0, 1] is defined as the composition $(x, t) := </)(min(l, x + 
t)) taking a smooth nondecreasing function (j) : [0, 1] [0, 1] such that 
0(0) = and 0(1) = 1. 

Then for each C°° or if* differentiable mapping v : AG Ar we get 
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t> o / o (g„ X irf) = v^~^^ o hn and f o = 1;"+^, where x id : (A" x 
X [0,1] ^ AG X [0,1], /i„ : (A" X G^+i) x [0,1] ^ A"+i x ^"+2 
is the smooth mapping given by the formula hniti, ...,tn, go, di, gn,t) = 

($(0, t), t), t), e, ^0, gi, ■■; gn). 

At the same time A""*"^ has a C°° retraction onto A" for each n > while 
the group G is or if* differentiable and arcwise connected. Therefore, 
for each 6 > the cohomology group H*(iV, AG^r) is trivial (see also §2.2 [3] 
and §54 below). 

12. A sheaf 5 on X is called soft if for each closed subset y of X the 
restriction map S{X) — > S{Y) is a surjection. 

12.1. Lemma. For a C°° or if* differentiable group G satisfying condi- 
tions 4{Al,A2,Cl,C2) the sheaf AG n is soft. 

Proof. Consider a closed subset y of X and a section cxy of AGjsi over 
Y . In accordance with the definition of a section over a closed subset there 
exists an open set U and an extension au of cry from Y onto U such that 
Y (Z U d N . From the paracompactness of N there exists a neighborhood 
of y such that diV) C f/, where cliV) denotes the closure of V in N . 
Therefore, the extension a of cry to a global section oiAGjq is provided by the 
formula a{x) = f{au{x),'ilj{x)), where / : AG x [0, 1] AG is a deformation 
retraction (see §11) and ip : N ^ [0,1] is either a G°° or differentiable 
function equal to 1 on and equal to on M \ f/. 

13. Remark. Let now iV be a C°° or H°° manifold over Ar and 
T{N, G, TT, \E') be a tangent bundle with T = TN and the projection tt : 
T N , where connecting mappings 0j o cjyj,^ for fl 7^ of the atlas 
At{N) = {{Vj, : j} of the manifold N are Ar holomorphic for 1 < r < 3, 

o G . Denote by T the sheaf of germs of smooth sections of 
T. Then BT denotes the sheaf associated with a the pre-sheaf assigning 
to each open subset V oi N the group of sections of the natural projection 
Y[y(zv B{Ti^^{y)) V, which are locally of the form 

(1) y ^ \ti{y), ■■.,tn{y), [ai{y)\...\an{y)]\, where ti, ...,tn are for r = 1 
or H°° for 1 < r < 3 functions and cxi, (T„ are or sections of the 
vector bundle T{N, G, vr, \E'). Using constructions above we define B'^^^T for 
each a G N by induction. 

Then B'^'^^T is the sheaf associated with the pre-sheaf assigning to an 
open subset V of N the group of sections of the natural projection 

]ly(zv B"-^^ {7i~^ (y)) V having the local form (1), where ai,...,an are 
sections of B'^T over V. Similarly we define AB'^T. 

If now T = A^T*N is the 6-th exterior power of the cotangent bun- 
dle of N, then the above construction produces the sheaves AB"-S'^_^^ and 
B°-~^^S'^ j^^ of AB"-Ar and B"-^^Ar valued respectively differential G°° forms 
on N, where the index Ar may be omitted, when the Cayley-Dickson algebra 
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Ar is specified. In the equation 

(2) w = Ej fj{z)dxb^j^ A dxb^j^ A ... A dxb^j^, 

where fj-.N^ AB"-Ar ov fj : N ^ -B"+^A, z = {zi,Z2,...) are local 
coordinates in N, = Xbfiio + Xb,iii + ... + Xb,2^-ii2^-i, where Zb G Ar, 
Xbj G R for each 6 and every j = 0, 1, 2*" — 1, J = (foi, ji; &2! j2; bk,jk). 

Since each topological vector space Z over with 2 < r < 3 has the 
natural twisted structure Z — ZqIq © Ziii © ... © Z2r-ii2'^-i with pairwise 
isomorphic topological vector spaces Zq, Z2r-\ over R, then TN and T*N 
and 1^T*N have twisted structures, where X* denotes the space of all con- 
tinuous Ar additive and R homogeneous functionals on X with values in Ar, 
when 2 < r < 3, while X* over C is the usual topologically dual space of 
continuous C-linear functionals on X. Therefore, due to Proposition 6 
and AB^-T have the induced twisted structure for each a e N. 

Each section a of the sheaf AB'^Spf can be written in the form: a = 
\ho, .., hn, (To, <7n\, whcrc (To, <7n are smooth difierential B'^Ar valued dif- 
ferential fc-forms on V and {hj : j = 0,1,2,...} is a C"^ smooth partition 
of unity on V. An addition of differential forms induces the additive group 
structure. As a multiplication there can be taken the external product of 
differential forms which is twisted over A,- for 2 < r < 3. 

The group of sections of the sheaf AB'^S'^ for an open subset V in N 
denote by T{V, AB'^S'^). The sequence of the groups — > T{V,S^) — > 
T(y,AS^) — > T{V,BS^) — > is exact for each open subset V in N, since 
the sequence of vector bundles A''T*N AM'T*N BK^T*N ^ is 
exact. 

The twisted structure of the groups AB'^S^ induces the twisted structure 
of r(y, AB^S%). Therefore, the sequence of sheaves ^ B^S% AB^S% 
B^^^S% — > is exact as well as for each 6 > 0. 

The composition of these sequences induces a long exact sequence 
{2)Q^S%-^ AS% ^ ABS% ... ^ A&>S% ^ 
where a : AB^S% — ^ AB^^^S% is the composition of mappings AB^S% — >■ 
B^^^S% AB^^'^S%. The sequence (2) will be called the bar resolution of 
the sheaf S%. 

Let <S be an arbitrary twisted sheaf on a topological space X. Denote by 
AS and BS sheaves associated with the pre-sheaves V ^ A{V[V,S)) and 
V ^ B{V{y,S)) correspondingly. The stalks of AS and BS are ASx and 
BSx at X, while the sequence 

(3) e^Sx^ A{Sx) ^ B{Sx) ^ e 

is exact, consequently, the sequence of sheaves 

e^S^AS^BS^e 
is also exact. The composition of these sequences gives the bar resolution of 
S 
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{4) e^S ^AS ^ ABS ^ ... ^ AB^S ^ .... 
The complex of sheaves 

(5) B*{S) : AS ^ ABS ^ ... ^ AB^S ^ ... 

is called the bar complex of S. The bar resolution of 5 is an acyclic resolution 
of iS that is deduced analogously to the proofs of Proposition 11 and Lemma 
12.1. Thus the cohomology of S is equal to the cohomology of the cochain 
complex 

(6) r(A^, AS) ^ V{N, ABS) ^ ... ^ V{N, AB'^S) ^ .... 

The complex (6) will be called the bar cochain complex of S and will be 
denoted by C]^{S). 

Each short exact sequence of sheaves e^E-^F~^Y^e twisted 
over generators {zq, ^i, ^2'--i}7 2 < r < 3, induces a short exact sequence 
of complexes sheaves e B*{E) B*{F) B*{Y) e, where B*{F) : 
AF ABF AB'^F ^ ... AB^F ^ ... is the bar complex of F. 

14. Proposition. // a sequence of groups e^K^G^J^e 
is exact, where E and K, G, J are arcwise connected, then the sequence 
e ^ (W^E;N,K,P)t,H ^ E; N,G,P)t,H ^ E; N, J,P)t,H ^ e 
is exact. 

Proof. In view of Proposition 7.1 [22] {W^E; N, K, P)t,H is the principal 
fiber bundle over {W'^N)t^H with the structure group K'', 

TiK,. : {W^'E;N,K,P)Ih ^ {W^'N)t,H, 
'"'k]* < ^0 >t,H=< u!o >t,H y~K^ = e X , where e G {W^'^N)t^H denotes 
the unit element. Since the sequence e — ^ G^ ^ ^ e \s exact as 

well, then the corresponding sequence of wrap groups is exact. 

15. Proposition. Let G he a C°° or if* differentiable twisted group 
over {io,ii, ...,i2r-i} satisfying Conditions 4{A1,A2, CI, C 2). Then for each 
(joo j^t p^j^^Qj^pai Q -bundle E{N, G, vr, there exists a C°° or if* dif- 
ferentiable mapping (f) : N ^ BG such that E ^ N is the pull-back of the 
universal principal G bundle by (p. 

Proof. Consider an open covering V = {Vj : j & J} of A^, where J is 
a set, such that for each j E J there exists a trivialization ipj : vr~^(\^) 
Vj X G. Define a mapping gj : E G hy the formula gj{x) = pr2{ipj{x)) for 
X G n^^iVj), gj{x) = e for X ^ ^^^{Vj), where e denotes the neutral element 
in G and pr2 : Vj x G ^ G is the projection on the second factor. 

For a principal G bundle E{N, G, n, \E') consider a family of if* transition 
functions {gij : i,j G J} related with an open covering V := {Vj : j & J} 
of an Hp manifold over Ar, where J is a set, gij : Vi H Vj ^ A^, when 
the intersection fl Vj 7^ is non-void, 1 < r < 3, n G N. Introduce the 
mapping 

(1) 9E,n{x) := \ fj{0)Jj(l), ■■■fj{n),[9j{0),j{l)\9jil),j{2)\---\gj{n-l),jin)]\ 

such that gE,N '■ N — > BG, where {fj : j E J} is an Hp^ partition of 
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unity subordinated to U with t' < ti < oo. Therefore, gE,N can be chosen 
of the smoothness class if* . Thus, E{N, G, tt, is the pull-back of the 
universal bundle AG{BG, G. tt^, '^^) by the classifying mapping gE,N, where 
TT^ : AG BG is as in §4. Show it in details. 

Take a partition of unity of class or subordinated to to the covering 
V and $ : A — » AG be the following mapping 

^{y) ■= \fjo{^{y))Jh{^{y)),-;fjA^iy)),9joiy),9ji{y),--,9jr.{y)\, where 

jo, ...,jn are indices such that fj{'K{y)) ^ for each j e {jo, ■■■,jn}- Then $ 
is G equivariant, which means that ^{yh) = ^{y)h for all y and h E G, since 
9j{yh) = pr2{i)j{yh)) for yh e 7i'^{Vj) and gjiyh) = e for yh ^ 7r~^(\/j). 
Indeed, y G TT~^{y) is equivalent to yh G 7r~^(V^) for each h E G, since 
7r~^(Vj) = X G, where |/ = {u,q) with u & N and q & G and {u,q)h — 
{u,qh) in local coordinates. Thus Qjiyh) — gj{y)Rh, where Rh — h for 
y G TT-^V;) and i?,, = e for y ^ 7^-\V,). 

Therefore, $ induces a morphism of principal G-bundles 



where the restriction of to Vj is 0(a;)|y. = \fjo,fn{x), ...,fj„{x), [gjo{<j{x)) : 
gj-^{a{x)) : ... : gj„{cr{x))]\, cr : — > 7r~-'-(V^) is a smooth section of the 
restriction 7r^^{Vj) Vj ionr : E ^ N . Consider equivalence classes qj ~ gj 
if and only if there exist Si, ...,Sm G G such that {sm{sm-i---{si{qj)---) = gj, 
hence qjh ~ gjh, since qjh ~ gjh if and only if h~^qj ~ h~^gj, which is 
equivalent with h{sm{srn-i---{si{h^^qj)...) = gj. Due to the alternativity of 
the group G we get [(...(^7^sr^)...s^^_i)s^^][(s^(s^_i...(si^i)...)] = gj^gi. 

Therefore, in the non-homogeneous coordinates the mapping takes the 
form (f){x) = |/io(a:),/ji(x),...,/,Jx), where 
gj,i{x) = [gj{a{x))]~^gi{a{x)) are transition functions associated with the 
open covering of N by the open sets {x E N : fj{x) > 0}. Then the mapping 
(f){x) is independent from the choice of a, since gj are G-equivariant. All 
functions gj are either C°° or if*, hence (f) is either C°° or if* correspondingly. 

16. Corollary. For each smooth G°° or if* principal B^A* bundle 
with 1 < r < 3 there exists a C°° or Hp dijferentiable mapping 6 : N ^ 
B^^^Al such that E{N,G,TT,'i/) is the pull-back of the universal principal 
B^ A* -bundle by (j), where G = B^A*. 

17. Lemma. Let G be a differ entiable (topological) group twisted over 
{io, ■■■,12^-1} for 1 < r < 3 satisfying Conditions 4{A1, A2,G1,G2). Then 
the group of isomorphism classes of C°° smooth (continuous) principal G- 
bundles over N is isomorphic with the group [N, BG]°° of smooth (or [N, BG]^ 



A 
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AG 

i 
BG 



17 



of continuous respectively) homotopy classes of smooth (continuous) maps 
from N to BG. 

Proof. Each principal G-bundle over N has properties 4(A1, A2, CI, C2) 
induced by that of G, where locally n^^iVj) = VjxG, conj{y) = {u, conj{g)) 
for each y = {u,g) G Vj x G, while {io, ^2'-i} for 2 < r < 3 is the 
multiplicative group, which is associative for r = 2 and alternative for r = 3. 

Consider a short exact sequence e ^ Gn ^ AG^^ BGjq e. In view 
of Lemma 16 [22] it induces the cohomology long exact sequence 

... C^{N,AG) ^ C^{N,BG) H^{N,Gn) ^ \^^{N,AGn) ^ .... 
From V\^{N, AGn) = e we get the isomorphism C°°(iV, BG)/'k^C^{N, AG) ^ 
H^{N,Gn). Then the image 7r,C°°(A^, AG) of the group C°°{N,AG) in 
C°°{N, BG) consists of all smooth maps from N to BG for which there 
exist lift mappings from to AG. 

On the other hand, / G C^{N, BG) has a lift F : ^ AG if and only if / 
is smooth (or continuous) homotopic to a constant mapping, since [go : ... : 
in iBG)n is the equivalence class {{go, ...,gn) ~ {s.ra{...{sigo).-.), {sm---isign)...)) : 
si, s„ G G, m G N}, consequently, G°°(A^, BG)/n,C'^{N, AG) ^ [N, BG]°^ . 
In the class of continuous mappings we get analogously C^{N, BG)/ vr* G° ( A^, AG) = 
[N,BG]^. 

18. Notes. In view of §§4-6 there exists a short exact sequence 

e^G^AG^BG^e 
of Hp homomorphisms due to the twisted structures of G, AG and BG (see 
Equations 4(A2) and 6(8,9)). 

To groups AG and BG are assigned simplicial topological groups AG, 
and BG, with face homomorphisms dj : AGn AGn~i given by: 

(1) dj{ho[hi\...\hn]) = hohi[h2\...\hn] for j = 0, 
dj{ho[hi\...\hn]) = ho[hi\...\hjhj+i\...\hn] for < j < n, 
dj{ho[hi\...\hn]) = /io[^i|...|^n-i] for j = n. While dj : -BG„ BGn-i 

has the form: 

(2) dj{[hr\...\K]) = [h2\...\K] for J = 0, 
dj{[hi\...\hri\) = [hi\...\hjhj+i\...\hn] for < j < n, 
dj{[hi\...\hn]) = [hi\...\hn-i] for j = n. 

The degeneracy homomorphisms Sj : AGn AGn+i are prescribed by 
the formula: 

(3) Sj{ho[hi\...\hn]) = ho[e\hi\...\hn] for j = 0, 
Sj{ho[hi\...\hn]) = /io[^i|...|^i|e|/ij+i|...|/in] for < j < n, 
Sj{ho[hi\...\hn]) = ho[hi\...\hn\e] for j = n. While Sj : BGn — > BGn+i is 

given by: 

(4) Sj{[hi\...\hn]) = [e\hi\...\hn] for j = 0, 
Sj([/ii|... !/;,„]) = [/ii|...|/;.j|e|/ij+i|...|/;.„] for < j < n, 
Sj{[hi\...\hn]) = [hi\...\hn\e] for j = n. 



18 



Analogous mappings are for simplices: 

(5) {tQ, ...,tn+i) = {to, ...,tj,tj,tj+i, ...,tn+i) and 

(6) s^{to, ....,tn+i) = {to, ...,tj,ij+i,tj+2, ■■■,tn+i), where ij+i means that 
tj+i is absent. 

The geometric realization \AG,\ of the simplicial space AG, is defined to 
be the quotient space of the disjoint union U^qA" x by the equivalence 
relations 

(7) {d^x,g) ~ {x,djg) for each {x,g) G A""^ x G"'*'^, while {s^x,g) ~ 
{x,Sjg) for each {x,g) G A""^^ x At the same time the geometric 
realization \BG] of the simplicial space BG, is the quotient of the disjoint 
union Uj^g^" ^ by the equivalence relations 

(8) {d^x, g) ~ (x, djCj) for each (x, g) G A""-*^ xG", while (s-'x, g) ~ (x, Sj^) 
for each {x,g) G A"+i x G". 

Consider a non-commutative sphere Cr := {^GX^ : = 1} forr = 2,3, 
where Xf := {z & Ar Re{z) = 0}. For r = 1 put Cr = {i,—i}, where 
i = (-1)^/^. Let Z(Cr) denotes the additive group if-" jZ, where iF-' : = 
HfeGCr ^fci ~ fo'^ ^^'^h 6 G Cr, Z is the additive group of integers, Z is the 
equivalence relation such that x T_iy/ Z = for each b E Cr. For 2 < r < 3 
the group Z(Cr.) is isomorphic with Z", where card{a) = card{Tl) =: c. 
Particularly, Z(Ci) = Zz for r = 1. 

Henceforth, we consider twisted sheaves and cohomologies over {zq, 12^-1}, 
where 2 < r < 3. In particular, the complex case will also be included for 
r = 1, but the latter case is commutative over C. So we can consider simul- 
taneously 1 < r < 3 and generally speak about twisting undermining that 
for r = 1 it is degenerate. 

19. Proposition. Let G be the group either A* or Z{Cr), where 1 < r < 
3. Then for each H°° smooth manifold N over Ar and each b >2 the group 
H^(A^, Z(Cr)) is isomorphic with: 

(1) the group E{N, B''~'^G) of isomorphism classes of smooth principal 
B^~'^G -bundles over N; 

(2) the group [N, B''^^G]°° of smooth homotopy classes of smooth map- 
pings from N to B^'^G. 

Proof. In view of Corollary 3.4 [271 EH] there exists the short exact 
sequence 

(1) ^ Z(Cr) ^ Ar ^ ^ 1, 

since exp(M -|- 2TTkM /\M\) = exp(M) for each non-zero purely imaginary 
M E Ir (with Re{M) = 0) and every A; G Z, 1 < r < 3, where ri{z) = 2'KZ 
for each z E Ar. If / : ^ ^ differentiable function, then {dLnf).h = 
w{h) is the differential one-form considering d as the external differentiation 
over R, where h E Ar. In the particular case of G = ^* with 1 < r < 3 
there exist further short exact sequences 
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(2) 1 ^ ^ aa; ba; i 

(3) 1 ^ ba; aba; b^a; i 

(4) 1 ^ b'^a; ^ ab"'a; ^ ^ i. 

Therefore, identifying the ends of these short exact sequences we get the 
long exact sequence 

(5) ^ z{Cr) ^Ar-^ aa; aba; ... ^ ab^'a; 

where a : Ar ^ AA;,..., a : AB'^'^A; — > AB'^A; are homomorphisms, all 
terms Ar, AA;,...,AB"^A;,... are contractible spaces. 

Suppose now that N and E are of class H°°. Let C°°{N, AB'^A;) denotes 
the sheaf of germs of C°° functions from N into AB'^A;. Thus, we get the 
functor C°° . Then the application of functor to the long exact sequence 
(5) gives: 

(6) ^ Z(C,)jv ^ C^{N,Ar) c°°{n,aa;) q^{n,aba;) ... 

where a* : C°^(iV, A) ^ C°°(A^, ),..., (x, : C°^(iV, AE^^U;) ^ C°°(A^,A5™A) 
are induced homomorphisms. 

The latter exact sequence is called the bar resolution of 7j{Cr)N- Sheaves 
C^{N,Ar) and C~(A^, AE"^^*) are contractible, since Ar and AB'^A; are 
contractible. Therefore, the cohomology of the sheaf Z(Cr.) at can be computed 
using the complex 

(7) C^{N,Ar) C^{N,AA;) ... C°°(A^, A5™A) ... 
with homomorphisms 

a, : C°^{N,A) C°°{N,AA;),...,a, : {N , AB"^'^ A;) C^iN^AB'^A;). 
The long exact sequence (7) we call a bar cochain complex of 7i{Cr)N- The 
cohomology of 7i{Cr)N computed with the help of the bar complex is denoted 
by V\l{N,7i{Ar)N) and it is called the bar cohomology of 7i{Cr)N- Then 
TioC^iN^BA;) is the first bar cohomology H^(iV, Z(A)7v) of Z{Cr)N- 
For the generalized exponential sequence 

^ Z{Cr)N AB<^-^Gn B^-^Gn[2 -h]^ e there exists the coho- 
mology long exact sequence 

... ^ hW'-^{N,AB<^-^GN) \^^{N,B^-^Gn) 

^ H^(iV;Z(a)) ^ j,\^\N,AB<^'^Gm) ^ 
where AB^^'Gjy is the complex 

Kn ^ AGn ^ ABGjv ^ AB^Gn ^ ... ^ AB^~'Gn, 
K is equal to either At or A7i{Cr) for G = ^ or G = B7i{Cr) respectively, 
where hV\^{N, B) denotes a hypercohomology on N with coefficients in a 
complex of sheaves B (see its definition in P, [121 US] and §10 above). 

We have that for each 6 > the sheaf AB'^Gn is acyclic. Consider the 
groups of global sections AB^Gj^{N) of the sheaves AB^G^. Therefore, the 
cohomology of the complex AB^''~'^Gn is equal to the cohomology of the 
cochain complex 
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K AGn{N) ^ ABGn{N) ^ AB^Gn{N) ^ ... ^ AB^-^Gn{N) 
Thus, h^"'{N,AB<^'^GN) = H'^{N,AB<''-^Gn{N)) ^ e for each m > 
6—2, consequently, the coboundary homomorphism H^(A^, B^^'^Gn) H^{N] Z 
is an isomorphism (see also Chapter 2 §4 in [3] for abelian sheafs). 
The second statement of this proposition follows from Lemma 17. 

20. Lemma. Let X he a topological vector space over Ar, 2 < r < 3. 
Then AX and BX with respect to the additive group structure of X and with 
respect to the multiplication on scalars from Ar in homogeneous coordinates 
are Ar vector spaces and the projection AX BX is H-homogeoneous and 
Ar additive. 

Proof. Define the multiplications by: for Ar x AX AX as 

S\ti, ...,tn;Vo[Vi\...\Vn]\ = \ti, .. . , tn] SVo[sVi\. . .\sVr,]\, 

for AX X Ar AX as 

\ti, ...,tn;Vo[Vi\...\Vri]\s = \ti, . . . , tn, VoS[ViS\. . .\VnS]\ , 

for Ar X BX BX as 

s\ti, ...,t„; [fi|...|t;„]| = |ti, ...,t„; [sfo|...|sa;„]|, 
for BX xAr^ BX as 

...,tn; [vi\...\vn]\s = ...,t„; [t;is|...|t;„s]|. 
Then if qj = Sm{sm-i---{siVj)...) for each j, then for z 7^ we get zqj = 
z{sm---{si{z~^{zvj)))...) due to the alternativity of the octonion algebra O, 
while for 2; = we trivially get = (sm...(siO)...). Thus such multiplication is 
compatible with the equivalence relations, since X = X^iQ © ... © X2r_ii2'^-i, 
where Xq, ...,X2r_i are pairwise isomorphic topological vector spaces over R 
such that we put vx = xv for each v G Xj and x G R. 

Since R is the center of the algebra O, then the projection from AX to 
BX is R-linear. Evidently, it is additive as the additive group homomor- 
phism. 

21. Remark. Let be a simplicial smooth manifold over Ar, where 
< r < 3. A smooth m-form w on the geometric realization |A^.| of A^, 
is defined to be as a family {w^ : k} of smooth differential m-forms w'' 
on A'^ X Nk with values in Ar being applied to vectors, satisfying for each 
< j < n the compatibility conditions: 

(1) (d^ X = {id X (9j)*w"-i 

(2) {s^ X id)*w'' = {id X Sjyw''+\ 

where x id, id x dj, x id and id x Sj are the maps as follows: 

(3) id X dj : A"-i x iV„ A"-i x A'„_i, x id : A"-i x ^ A" x A^„, 
id X Sj : A"+^ x A'„ A"+i x A'„+i, x id : A"+i x A'„ ^ A" x A'„ such 
that and are coface and the codegeneracy maps on A" and dj, Sj are 
the face and the degeneracy maps on A^„. We consider w taking values in a 
vector space or an algebra over Ar as is specified below. 
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For a Lie group G either over R or may be twisted over Ar and its 
Lie algebra g put g~^dg as the canonical g-valued connection 1-form on 
G (see also Lemma 20). Under the mapping g ^ hg and dg i— > hdg we 
have {g~^h~^){hdg) = g~^dg due to the alternativity of G and the Mau- 
fang identity {xy){zx) = x{yz)x for each x,y,z G O and de = d{g^^g) = 
= {dg~^)g + g~^dg = [{dg~^)h'\hg) + {g'^h~'^){hdg). Iterating this re- 
lation due to the alternativity of O and the Moufang identities in it we 
get the equivariance condition in homogeneous coordinates over O as well: 
[{■■■{9'^-H^)----%l-i)s^][srn{s^-i---{sidgi)...)] = gi^dgi. 

The total space AG of the universal principal (yf-bundle AG BG carries 
a smooth g-valued form w. The evaluation oi w is w|a;o, fifo, 5'nl = 
^odo^dgo + ^idi^dgi + ... + Xng~^dgn, where XQ,...,Xn are barycentric co- 
ordinates in A"^. Each term Xng~^dgn.s is in g for each s e g such that 
gj^dgj = Tr*{g~^dg\Tg.G), where ttj : G""*"^ ^ G is the projection on the j-th 
factor and g~^dg\Tg.G is the restriction of g~^dg to the tangent space Tg^G of 
G at gj. 

For AA* with 2 < r < 3 define the canonical connection 1-form A{z~^dz) 
by the family of A^-valued 1-forms Aiz-^dz)"" on A" x (^;)"+^ such that 
A{z~^dz)" evaluated on a vector {vo,...,Vn) at a point 2;o[2;i|...|2;„]| 
is given by the formula 

(4) (A(2;-Mz)"|lt,,„„t„,^o[^,|...|;,„l|.(vo,...,V„) = \ti, ...,tn, Zo^Vo[z^^Vi\...\z-^Vn]\ 

and formally denote it by 

(5) iA{z-'^dz)%^^,„^t„,zolzi\-\z„]\ = \ti, ...,tn, Zo^dzo[zi'^dzi\...\z-^dZn]\. 
For BA* with 2 < r < 3 the canonical connection 1-form B{z^^dz) on 

BAl is defined by the family of B^^-valued 1-forms B{z~^dz)"' on A"^ x {A*)"', 
where 

(6) B{z'^dz)%,^,„^t„,iz,\...\z„]\ = \ti,...,tn,[z^^dzi\...\z^^dzn]\. 
We have that 

\ti, ...,tj,tj,tj+i, ...,tn-i; Zq dzo[zi dzi\...\z^ ci2;„]| and 

(a^X2d)*5(2;-Mzn|i„...,,„_,[,,|...|,„]| = 

\ti, ...,tj,tj,tj-^i, ...,tn-i,[zi (izi|...|z„ and 

{id X = 

1^1, ...,tn-i; (zQ^dzo) + {zi^dzi)[z2^dz2\...\z-^dzn\\ for j = 0, 

1^1 ) • • • ) in— 1, Zq dZo[Zi dZi\...\Zj_idZj-i\{Zj dZj) + {Zj_^_idZj+i)\Zj_^_2dZj+2\---\Zn^dZn]\ 

for < J < n, 

{id X a,-)*A(2;-iob)"-i||t,,...^i„_,.,o[,,,,..,,„]| = 
1^1, ...,tn-i; ZQ^dzo[z{^dzi\...\z~^idz„^i]\ for j = n, while 

{id X dj)*B{z-^dz)''-%,,„„t„_,;[,,\...\z„]\ = 
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\ti, ...,tn-i; [Z2 ^dz2\...\z^^dzn]\ for j = 0, 

and {id xdjYB{z-^dz)''-%,,,,,^t^^_^,^^^^^^^^ 
1^1, ^n-i; [^1 dzi\...\zj_idzj-i\{zj dzj)+{zj^idzj-^.i)\zj^2dzj+2\---\Zn dznWioi 
< j <n 

{id X a,)*i?(2;-'c?2;)"-i||t,,...,t_,.[,,|...|,„]| = 
1^1, [z{^dzi\...\z^^idzn-i]\ for j = n 

and using the equivalence relations 4(2,3, 5), we get the compatibility Con- 
dition (1) for such differential forms, since corresponds to inserting xj = 
and the latter corresponds to tj = tj+i, because tj = xq + ... + Xj-i, while 
hj = e corresponds to gj = gj+i- 
Further we get: 

{s^ X irf)*A(z-id^)'^^t^,...,t„^^^,„[,^|,„i,„], = 
1^1, ...,tj,tj+2, ■■■,tn+i; Zq Mzo, [zi ^dzi\...\z~^dzn\\ for each j and 

{s^ X idYB{z-HzY\\t,_tr^+r\z,\...w\\ = 

1^1, tj, tj_|_2, tn+lj [^1 dZi\...\Zji dZn]\, 

since s^{xo, ...,Xn+i) = {xq, ...,Xj_i,Xj + Xj+i,Xj+2, ■■■,Xn+i) and Xj = cor- 
responds to tj — tj+i. Then 

{id X +^||t,,...,t„+,;,o[,,[„,|^„]l = 

1^1, ...,tn+i]Zo ^dzo[0\z^ ^dzi\...\z:^Ydzn]\ and 

{id X SjyA{z-^dzY+^\it,,...,t^+r,zo[z,\...\,„]\ = 

\ti, ...,tn+i;zQ^dzo,[zi^dzi\...\z]'^dzj\0\z~^^dzj+i\...\z:^'^dZn]\ for < j < n 
and 

{id X s,-)*^(^"'c?^r^'l|ti,...,Wi;.oN|...kn]| = 
1^1, ...,tn+u Zq ^dzo, [zi ^dzi\...\z:^^dzn\0] \ for j — n and shortly write 

{id X s,-)*5(z-iciz)"+i||i.,^...,t„^,;[,,|...|,„]| = 
\ti, ...,tn+u [zi '^dzi\...\Zj '^dzj\0\zj^-j^dzj^i\...\z:^^dzn]\ for each j. 
Using the equivalence relations 4(2, 3, 5) in AB^G and B^^^G we get the 
compatibility Condition (2). 

For a twisted group G satisfying Conditions 4(^41, A2, CI, C2) a smooth 
/c-form on AB^G and B'^^^G is defined by induction. Let smooth differential 
/c-forms on B^G and each A*^ x {B^G)'"- for k,m > he defined. Then a 
smooth /c-form w on AB'''^^G consists of a family of /c-forms u;" on A" x 
{B^G)"'~^^ satisfying the compatibility conditions (1, 2). For B'^^^G a smooth 
k-foTui w on B^^^G consists of a family of fc-forms w"^ on A" x {B^G)'^^^ 
satisfying the compatibility Conditions (1,2). Then a smooth A;-form iv on 

X {B^+^G)"^ consists of a family of A;-forms fi;" on A'^ x (A" x {B^GY^^)"' 
satisfying the compatibility conditions: 

(7) id^k X {d^ X id)'^Yw'' = {id^k x {id x 

(8) {id^k X {s^ X id)'^Yw'' = (ic^A* x (id x Sj)'")*w'^+^ 
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It was shown above that the groups AB^Ar and B^^^Ar also have the 
structures of Ar vector spaces. Therefore, the canonical connection 1-form 
AB^{z'~^dz) on AB^A* is a 1-form on AB'^A* such that it satisfies the induc- 
tive formula: 

(9) AB\z-'dz)\^,,_,^,g,[g,^,,^^^^^^ 

Then the canonical connection 1-form B'^'^^{z ^dz) on B^^^A* is a 1-form 
on B^+^A; such that 

(10) B'+\z-'dz)\it,,...,tM---\9r.]\ = |ti,-,^n, [B\g^'dgi)\...\B'{g-'dgn)]l 
where go, gi, gn E B^A* and B^^g^ ^dgj) is the canonical connection 1-form 
B^{z~^dz) on B^A* evaluated at gj. 

22. Gerbes over quaternions and octonions. Consider twisted 
groups C, K, G satisfying Conditions 4(A1, A2, CI, C2). If 

(CEl) e ^ Cq ^ Kq ^ Go ^ e is a topological central extension, then 
we say, that 

{CE2) e—>-C^K^G^e is a topological twisted extension. 

A gerbe on a topological space X is a sheaf S of categories satisfying the 
conditions (Gl — G3): 

(Gl) for each open subset V in X the category S{V) is a groupoid, which 
means that every morphism is invertible; 

(G2) each point x & X has a neighborhood Vx for which S{Vx) is non- 
empty; 

(G3) any two objects Pi and P2 oi S{V) are locally isomorphic, that is, 
each X E V has a neighborhood Y for which the restrictions Pi\y and P2\y 
are isomorphic. 

A gerbe S is called bound by a sheaf Q of twisted groups over Ar satisfying 
Conditions 5{A1, CI, C2, 7), if for each open subset in X and every object 
P of S{V) there exists an isomorphism of sheaves i/ : Aut{P) Q\v, where 
Q\v denotes the restriction of the sheaf Q onto V , while Aut{P) is the sheaf of 
automorphisms of P so that for an open subset Y inV the group Aut{P){Y) 
is the group of automorphisms of the restriction Sy(-P). It is supposed that 
such an isomorphism commutes with with morphisms of S and must be 
compatible with restrictions to smaller open subsets. 

Two gerbes S and £ bounded by ^ on a manifold N are equivalent, if 
they satisfy (6*4, G5): 

((74) if V is an open subset in X, then there exists an equivalence of 
categories iiy '■ SiV) — > SiV) so that for each object P of SiV) there is a 
commutative diagram: 

Hv ■ Auts(y){P) Auts{v){P), 

vs:Autsiy){P)^T{V,G), 

ve : Auteiy){P) V{y,Q) such that 
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(GS) for each pair of open subsets V and Y in N with Y (Z V there 
exists an invertible natural transformation: /3 : Rs{jJiv) = I^y{Rs)i where 
Rs '■ S{V) — > S{Y) denotes the natural restriction transformation. It is also 
imposed the condition, that for a triple of open subsets Y (ZV (Z J in N the 
compatibility conditions are satisfied. 

If there is a principal G-bundle E{B, G, tt, "if) and and an extension {CEl, CE2) 
of topological groups, then there exists a gerbe Q^^ bound by on B. This 
gerbe is constructed from the sheaf of sections of the bundle E{B,G,7r, ^) 
by posing for each open subset V oi B objects and morphisms of Qn{V) as 
follows. Associate with each section s : V ^ n~^(y) of n : 7r~^(V^) — > V 
the G-equivariant map ts : 7r~^(V") — > G such that ts{z)s{n{z)) = z for every 
z e Tr~^{V). We have as well the pull-back of principal C-bundle K ^ G 
from G to 7r~^(y) due to the mapping tg '■ 7T~^{V) — > G. 

The composition tt o vr^ : ^ K is a principal /C-bundle having a lifting 
of the structure group of n^^{V) ^ V to K. Then pairs {E, f) of principal 
i^T-bundles vry : E{V, K, tt, ^ V and principal C-bundles f : E ^ t^~^{V) 
such that there exists the commutative diagram with 7r(/(*)) = 7ry(*). 

A morphism of principal iC-bundles r) : E ^ Ei from {E, f) to {Ei, fi) is 
described with the help of the condition fi{r){*)) = f with the corresponding 
commutative diagram. Therefore, the group of automorphisms of every ob- 
ject {E, f) of Qt:{V) is the group of mappings from V" to C being the section 
of the sheaf Cn over V, consequently, is the gerbe bound by Cat. 

The constructed above gerbe Q^^ has a global section if and only if there 
exists a lifting of the structure group from C to K. For G — BA* the 
extension {CE1,CE2) takes the form 

1 ^ ^* ^ AA* BA* 1. Then each principal /l.A*-bundle is trivial, 
since AA* is contractible. Hence the gerbe Q^^ has a global section if and 
only if E{N, BA;, n, ^f) is a trivial S^^-bundle. 

Construct now another gerbe Cj, of local sections of the bundle E{B, BA^, tt, ^'). 
For each open subset V in B the objects of Ct:{V) are sections of E over V so 
that each local section s : V ^ 7t~^{V) induces a i?^*-equivariant mapping 
ts : 7r"^(V) BA; that induces the mapping = ts{s{*)) : V BA;. 

If Eg is a principal .4*-bundle over V induced by the mapping r,, then a 
morphism between the objects s, Si G C^riV) induces the morphism E^,^ 
of the corresponding principal v4*-bundles. Then C^, is a gerbe bounded by 
{A;)n, where 2 < r < 3. Therefore, the natural transformation C-„{V) 
Gwiy) sending a section s to the pull-back Eg of the universal principal A;- 
bundle by tg is an equivalence of categories, which extends to an equivalence 
of gerbes ^ Q^. 

For a gerbe ^ on bounded by (^*)Ar with 2 < r < 3, assigning to each 
object Q in Q{V) an 5^_4^-torsor Coq on V induces a connective structure. 
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This torsor Cqq consists of a sheaf on which Sj^ ^ acts so that for each point 
X & N there exists a neighborhood V having the property that for each 
open subset Y C V the group Coq{Y) is a principal homogeneous space 
under the group r{Y, Sj^ j^^^). This assignment Q i-^ CogiV) need to be 
functorial in accordance with restrictions from V onto Y. Moreover, for 
each morphism : Q — J of objects of GiV) there exists an isomorphism 
0* : CoQiy) ~^ Cojiy) of iS^_4 -torsors. Since ^ is a gerbe, then is an 
isomorphism and 0* is compatible with compositions of morphisms and with 
restrictions to smaller open subsets, Y C V. If is an automorphism of Q 
induced by an ^*-valued function g we suppose that 0* is an automorphism 
V i-H> V — dLn{g) of the 5]^_4^-torsor CogiV). 

Consider a connection a; on a smooth principal i?^*-bundle E{N, BA*, n, \E') 
and let V be an open subset in N such that GniV) is non-void and let uy be 
the restriction of to tt~^{V). To each element {E, f) of ^7r(V^) it is possible 
assign a set Cq^CV) of connections on E compatible with u. lfLj{q{*)) = f*uj 
for principal ^*-bundles q : AAr BAr and f : E ^ 7r~^(V"), then u gen- 
erates an element u G CoEiY)- Therefore, the assignment u; ^— > is the 
connective structure on 

The equivalence of gerbes Ct, Q-,, implies an extension of a pull-back of 
the connective structure from Q^, to Ct,. 

23. Corollary. A mapping posing to the isomorphism class of a principal 
BA*-bundle E{B,BA*,7i, tt : E = AA* BA*, the equivalence class of 
the gerbe of section of E{B,BA*,t^^'^) induces an isomorphism between 
the group of isomorphism classes of principal BA^ -bundles and the group of 
equivalence classes of gerbes bound by A*. 

24. Corollary. A mapping sending to the isomorphism class of a prin- 
cipal BA*-bundle E{B, BA*, vr, \E'), it : E = AA* BA*, with a connection 
uj the equivalence class of the gerbe of section L.^ of E(B,BA^^,t{,'^) with 
the connective structure on £^ induced by uj induces an isomorphism between 
the group of isomorphism classes of principal B A* -bundles with connection 
on the group of equivalence classes of gerbes bound by A* with connective 
structures. 

Proof. This follows from Proposition 19 and §22, since the case of 
2 < r < 3 is obtained from the complex case (see Theorems Al, A2 [T3] ) 
by additional doubling procedure of groups with doubling generators: H 
from C and O from H, while the considered groups satisfy Conditions 
4{A1,A2,C1,C2). 

25. Sheaves, geometric bars and gerbes for wrap groups. 

If G satisfies Conditions 4(A1, A2, CI, C2), then wrap groups lw^E)t,H 
satisfy these Conditions 4(y41, A2, CI, C2) as well, since G^ satisfies them be- 
ing a multiplicative subgroup of the ring & and (P^/*^'i*o,9:g=i,-,fc}^- jy^ P)t,H 



26 



is the principal G^-bundle over the commutative group (H/^'{'*o,9:9=iv,fc}jY^^^ 
(see Propositions 7(1, 2) [22]). Thus, wrap groups can be taken as the partic- 
ular cases of groups for the sheaves, geometric bar and gerbes constructions 
(see §§1, 4, 11-13, 22, Corollary 9, Lemmas 16 [22], 17, etc.). 

More concretely this can be done as follows. For a pseudo-manifold 
X = Xi X X2 over Ar, where Xi and X2 are i7*-pseudo-manifolds over 
Ar, suppose that for each points So,i, So,fc in Xi and every neighborhood 
U of {so,i, So^k} in ^1 and a point yo G X2 and every neighborhood V of 
Uo in X2 there exist manifolds M and N such that {so,i, so^k} d M C U 
and 1/0 e C for which a principal G-bundle -E(A^, G, vr, \E') exists with a 
marked group G satisfying conditions of §2 [2lJ. If 

(1) J(A) = n.eA^ 

is the product of topological groups J^, where A is a set, and A2 C Ai, then 
there exists the natural projection group homomorphism 

(2) SA„A, : J(Ai) ^ J(A2). 

Then define a pre-sheaf F on X such that 

(3) FiU xV) = n.o,„...,.o.eMcf/;.oe7vcy(W^'''^^"-^=''-''^^; Ar,G,P),,^ 

and su,^v,,u,xv, : F{UixVi) ^ F{U2xV2), since (l^*^2'{^o-5=i'-'^>E; A^a, G, P)^,^ C 
(H^Mi,{so,,:g=i,...,fc}^. jY^^^^p)^^^ fo^ 1^^^^ . q ^ C M2 C Ml and 

Ho E N2 C. Ni satisfying conditions of Theorem 10 [22j, where U2 C Ui and 
V2 C Vi, while open subsets of the form U x V contain the base of topology 
of X. 

If 5 is a sheaf on X and S{U) satisfies Conditions 4(A1, A2, CI, C2) for 
each U open in X, then we call S the twisted sheaf over {io, ...,i2'^-i}- 

For k = 1 consider x = {sq; yo} ^ but generally, consider x = 
{so,i, so,A:; 1/0} £ X -^2 instead of Xi x X2. Then a set J^x of all 
germs of the pre-sheaf F at a point x G X^ x X2 is the inductive limit 
JF^ = ind — \im F{U x V) taken by all open neighborhoods U'^ x V of x 
in X^ X X2. Then applying the general construction of §1 gives the sheaf 
Sw,Xi,X2 of wrap groups. It is twisted over {zq, i2'--i} for the group G 
twisted over generators {io, ■■■,i2^-i} for 2 < r < 3. This sheaf is commuta- 
tive, if G is commutative. 

This sheaf is obtained from the given below generalization taking a con- 
stant sheaf of the group G = G{U) for each U open in Xi. 

More generally, if there is a sheaf Q = Qxi on Xi of groups such that for 
each U open in Xi a group G{U) satisfies conditions of §2 in [21|, then put 

(4) F{UxV) = nso,„...,so,.eMcc/;.oe^cv(W^''''^^°-''=''-''^i^; N, G{U), P),^, 
where su^^ui '■ G{Ui) G{U2) is the restriction mapping for each U2 C Ui 
so that the parallel transport structure for M C f/ is defined, Qxn may be 
twisted for 2 < r < 3. Therefore, due to Theorem 10 [22] and (1, 2) above 
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there exists a restriction mapping su2xV2,UixVi '■ F{Ui x Vi) — > F{U2 x V2) 
for each open U2 C Ui and V2 C Vi. Then this presheaf induces a sheaf 
<Sw,Xi,X2,g of wrap groups. If ^ is a twisted over {io, ...,i2' -i} for 2 < r < 3 
sheaf, then the sheaf Sw,Xi,X2,g is twisted over {io, ...,i2r-i}. If the sheaf Q 
is commutative, then the sheaf Sw,Xi,X2,g is commutative. 

26. Proposition. // hj : Xj Yj are if* differentiable mappings from 
Xj ontoYjJ = 1,2, whereX = XixX2 andV = Y1XY2, X, X^, X2,Y,Yi,Y2 
are Hp-pseudo-manifolds over Ar, < r < 3, /13 : Qyi Gxi is an if* 
sheaf homomorphism, t > [Tiia.yi{dirn{Xi),dirn{X2),dirn{Yi),dirn{Y2)}]/2 + 
2. Then they induce homomorphisms {hi,h^)^ : Sw,Yi,X2,gYi ~^ ^w,Xi,X2,gxi 
and /12,* : <Sw,Xi,X2,gxi ~^ '^w,Xi,Y2,gxi of wrap sheaves. 

Proof. If M2 C U2 C Fi, then \1\M2) =: Mi C hi\U2) =: f/i C Xi 
and hi\U2) =: Ui is open in Xi for each U2 open in Yi. In view of Corollary 
9 [21] and Proposition 7.1 and Theorem 10 [22] there exists a homomorphism 
(/ii,/i3), : (Vr*'^2,W.:9=i,...,fc2}^;iV,G([/2),P)t,iy ^ (iy^i'{^o.''^''=i'-'^i>E;X,G(f/i),P)i, 
where /13 : G{U2) — > G(f/i) is the group homomorphism, /ii(so,g) = "^0,0(5) 
for each g = l,...,k2, 1 < a = a(g) < ^2. Choose in particular so,g such 
that ki = k2 = k. Therefore, there exists the presheaf homomorphism 
{hi,hs)^ : Fyj,x2,gy,(t^2 X V) ^ Fxi,X2,gxS^i X ^) foi^ each ?72 open in 
Yi and ^ open in X2. This presheaf homomorphism induces the sheaf ho- 
momorphism. 

If / : Ml iVi C X2, then /12 o / : Mi ^ X2 for if* pseudo-manifolds 
Ml in Xi, Xi in X2, X2 in Y2. If f and /i2 are if* mappings, then due to the 
Sobolev embedding theorem [34} for 

t > [max{(iim(Xi), ciim(X2), o?im(yi), (izm(F2)}]/2 + 2 we have that /' 
exists and is continuous almost everywhere on Xi and /i2(/(*)) is the if* 
mapping (see also [6]). Then h2,*{P^,u{x)) := Ph2o'y,u{x) implies /i2,* < 
P^,u >t,H=< Ph207,n >t,H for classcs of Rt^H equivalent elements, since the 
group G{U) and the manifold M are specified, and the same for Xi and X2. 
Therefore, there exists the induced homomorphism 

/i2,* : {W^''^'o.,:,=i,-ME;Ni,G{U),P)t,H ^ (iy*''^^»'^^«=i'-''=>^;X2,G'(f/),P)t,jy, 
where Xi C Vi C X2, Xi = h2^{N2), yo,i e Xi, /i2(l/o,i) = 1/0,2, 1/0,2 e 
X2 C V2 C l2- Consequently, there exists the homomorphism of pre-sheaves 
h2,* : Fx„x2,gxSU X Vi) ^ Fx„Y2,gxSU x V2) (see §25), where V^i = /i2"'(V^2), 
V2 is open in Y2. Thus /i2,* induces the homomorphism of the wrap sheaves. 

27. Proposition. Let e ^ Qi ^ Q2 ^ G3 ^ e be an exact sequence 
of sheaves on Xi. Then there exists an exact sequence e — > Sw,Xi,X2,gi ~^ 
Sw,Xi,X2,g2 ~^ ^w,Xi,X2,g3 ~^ ^ of wrap sheaves, where e is the unit element 
(see §25). 

Proof. For each U open in Xi there exists a short exact sequence of 
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groups e — > Gi{U) G2{U) G^^U) e such that Gs{U) is isomorphic 
with the quotient group G2{U)/Gi{U), where Gi{U) is the normal closed 
subgroup in G2{U). In view of Theorem 10 [22] there exists the short ex- 
act sequence e ^ {W^^ E; N, Gi{U),P)t,H ^ {W^^ E; N, G2iU),P)t,H ^ 
(W^ E; N,G3{U),P)t,H — ^ e. Then this induces the short exact sequence of 
wrap presheaves e Fq-^{ij){U) — >■ Fg2(u){U) — >■ Fgo,(u) e and the latter 
in its turn gives the short exact sequence of wrap sheaves (see also in general 
0). 

28. Wrap sub-sheaf. In the construction of §25 consider a sub-pre- 
sheaf corresponding to F/v(f/), that is, forV = N with a fixed marked point 
Uq G A^, where 

(1) F^{U) := nso,„...,so,.eMcf/(W^'''^^°''^''=''-''^^; Ar,G(f/),P),H, 
where s^j^ : G{Ui) G(U2) is the restriction mapping for each U2 C Ui. In 
view of Theorem 10 p2] there exists a restriction mapping su^^u-^ : Fjv(f/i) 
En{U2) for each open U2 C Ui. Then this presheaf induces a sheaf Sw,Xi,g{N) 
of wrap groups, which is the subsheaf of Sw,Xi,X2,g- 

29. Proposition. Let r] : Ni ^ N2 be an -retraction of iJ* man- 
ifolds, N2 C Ni, ri\j^2 = '''d, Vo ^ ^2, where t' > t, M is an manifold, 
E{Ni^ G, TT, \I') and E{N2, G, n, \E') are principal bundles with a structure 
group G satisfying conditions of §2 fM^, then there exists a sheaf homomor- 
phism 7]^ from Sw,Xi,giNi) onto Sw,Xi,g{N2) ■ 

Proof. In view of Proposition 17 |22) there exists a group homomorphism 
ri*{U) from F]\f-^{U) onto Fjsf^iU) for each U open in Xi such that {so,g : q = 
1, k} C M C Xi. If i3 is a sheaf on X and riB{U) = B{ri-\U)) for each 
U open in X, then there exists a sheaf rjB which is called the image of the 
sheaf B (see [3]). On the other hand, ri^{U2) o SUijJi = su2,Ui ° for 
each open U2 C Ui due to Condition 25(2). Then Sw,Xi,g{N2) is the image 
of Sw,x-^,giNi), that is ■r]^Sw,Xi,giNi) = Sw,Xi,giN2), since there exists an 
mapping id x r] from M x Ni onto M x N2 (see §28). This gives the sheaf 
homomorphism (see also §3 [3]). 

30. Remark. For a continuous mapping f : X ^ Y and a sheaf B on 
Y a inverse image f*B is a sheaf on X such that f*B = {{x,q) E X x B : 
f{x) = vr(g)} (see [3]). Particularly, if / : X F is an if* mapping such 
that / = (/i,/2), fi : Xi ^ Fi, /2 : X2 — F2, then there exists a sheaf 
inverse image f*Sw,Y^,Y2,g2^ where flQ2 = Qi- 

31. Corollary. Let suppositions of Proposition 26 be satisfied, where 
hj are dijfeomorphisms for j = 1,2 and an isomorphism for j = 3, then 
^w,Xi,X2,gx-^ (^i^d Sw,Yi,Y2,gY^ are isomorphic sheaves. 

Proof. This follows from Proposition 26 and Remark 30. 

32. Proposition. Let a sheaf Q be an inductive limit ind — \ima^\Ga 
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of sheaves Qa, where A is a directed set. Then the wrap sheaf Sw,Xi,X2,g 
the inductive limit ind — \ima^\Sw,Xi,X2,ga- 

Proof. For each U open in Xi and all a < /5 G A there exists a homo- 
morphism vr^ : Qa{U) — > Qf^{U). Then the sheaf Q is defined as the sheaf 
generated by a pre-sheaf U ^— ind — liniagA ^a(^) (see Chapter 1 §5 [3]). 
Each homomorphism vr^ generates the homomorphism of principal bundles 
from E{N, Ga, tt, \Ef) into E{N, Gp, vr, \E'). In view of Proposition 26 for each 
a < (3 E K and every U open in Xi there exists the group homomorphism 
TT^,* : Sw,x^,X2,gc{U) Sw,x^,X2,gpiU) generated by vr^. Thus, there exists 
Sw,Xi,X2,g '■= ^"^d — lim^gA '5vy,Xl,X2,ec«• 
33. Corollary. Let Xi = ind — lim^gA-^i.a cind Q = ind — lim^gA^a 
satisfy conditions of Proposition 26, where Qa = Gxi a ^i,a is an if* 
pseudo-manifold for each a in a directed set A. Then Sy/,Xi,X2,g = — 

liniaeA Sw,Xi^a,X2,ga ■ 

Proof. For an if* pseudo-manifold Xi its base of topology consists of 
all those subsets U in Xi such that U = fl^JLi Ua{v) for some m G N and 
«(!),..., a(m) G A, where = T^a^iUaiv)) is open in Xq,, tTq, : Xi a — * Xi 
is an embedding for each a in A. In view of Proposition 26 for each U 
open in Xi and a < /3 G A there exists a group homomorphism vr^^ : 
<Sw,Xi^a,X2,gciU) '^w,Xi^0,X2,g0iU)- Due to Proposition 32 this generates 
Sw,Xi,X2,g as the inductive limit of sheaves Sw,Xi^a,X2,ga- 

34. Theorem. Let X2 = X2^i x X2^2, where Xi, Xi^2 and X2^2 o,re if* 
and if*' pseudo-manifolds respectively over Ar as in §25. Then the restriction 
of the complete tensor product of wrap sheaves Sw,Xi,X2.i,gi®^w,X]_,X2,2,g2 
Ai X X2 is isomorphic with Sw,Xi,X2,gj where Q is the tensor product Q := 
Q\®Q2 of sheaves Q\ and Q2 on X^, Ai := : x G X\\ is the diagonal 

m Xl 

Proof. If Bi and B2 are sheaves on a topological space X, then Bi ® B2 
denotes the sheaf on X generated by the presheaf U 1-^ Bi{U) (g> B2{U), 
where {Bi ® B2)x — Bi^x ® B2^x is the natural isomorphism of fibers. The 
sheaf Bi ® B2 is called the tensor product of sheaves. 

Consider the natural projections 0i : X2 — X2^i and 02 ^ -^2 ~^ -^2,2 
having extensions x 0i : Xi x X2 ^ Xi x X2,i and x 02 : Xi x X2 —>■ 
Xl xX2_2- Therefore, there exists the sheaf 5 := Sw,Xi,X2,i,gi®<^w, 
[{id X (pi)*Sw,Xi,X2,i,gi] ® [{i'd X 02)*'5vi/,Xi,X2,2,e2] which is the complete tensor 
product of sheaves (see in general Chapter 1 §5 [3]). 

If 7 : M — > X2 is an if* mapping preserving marked points, then 7 = 
(71,72), where 7^- : M ^ X2J for j = 1,2, 7(so,g) = Vo, 7i(so,g) = Vjfi 
for each q = l,...,k and j = 1,2, yo = ?/io x ?/2,o- Then we get a lifting 
7 : M — * X2 such that 70^ = 7 (see §§2, 3 and 6 in [2T]). Therefore, 
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Pj,u{^o,k+q) = P7i,«i("So,fc+g) ® P72,n2 (^cfc+g) ^ G for each q = l,...,k, with 
G — Gi <S> G2 being the direct product of groups for Gi — Qi{Ui) and 
G2 = Q2{U2) for every C/j open in Xi, j = 1,2, where u G E^^/o; % ^ -^j,%o) 
AT = X A^a, Nj C C Xsj, E = E{N,G,7r,^), = E{Nj,Gj,7rj,^'i) 
are principal bundles, yo = yo,i x 7/0,2, Z/j,o G -^j are marked points, Vj is open 
in for j = 1,2 (see also §25). 

For classes of equivalent parallel transport structures we get < P^,u >t,H~< 
P-Yi.Mi >t,H ® < P^2,U2 >t,H, hence F{U x (Vi x V2)) is isomorphic with 
X Vi) ® {(t)2)*F{U X V2) for each U open in Xi and all Vj open 
in X2J, j = 1,2, since open sets of the form V = Vi x V2 form a base 
of topology in X2, where F{U x Vj) is given for the group Gj{U). Here 
U ^Ui^U2 and (0i)*F(?7 x Vi) O {(t)2)*F{U x V2) is isomorphic with the 
restriction of {id x (f)i)*F{U xVi)^{idx 4)2)* F{U x V2) from U'^xV-^x V2 onto 
A(f/) X Vi X V2, where A(C/) denotes the diagonal in [/^. Thus, 5M/,Xi,X2,e 
is isomorphic with the restriction of the complete tensor product of sheaves 

Sw,Xi,X2,i,Qi®^w,XT_,X2,2,gi on Ai X X2. 

35. Twisted Alexander-Spanier cohomologies. 

Let G be a group satisfying Conditions 4(Al,A2), which may be in par- 
ticular a wrap group for Ar pseudo-manifolds with 2 < r < 3. For an open 
U m X denote by A^{U] G) a group of all functions / : G with a 

pointwise multiplication in G as the group operation. Therefore, the functor 
U I— > A"^{U ; G) is a presheaf on X satisfying the condition: 

{S2) if {Uj : j} is a family of open subsets of X such that (Jj Uj — U, 
then for a family of elements sj G A"^{Uj;G) such that Sjlu^nUk = ^klujnUk 
for each j,k there exists s e A"^{U;G) such that s\uj = Sj for each j. To 
satisfy this put Sj = fj : UJ^^^ — > G to be functions here and s = / is their 
combination such that = Sj, while / on X"*+^\(|J^ UJ'^^) is arbitrary. 

The property 

{SI) if f/ = Uj Uj, where Uj is open in X and f,gE A^^^{U] G) coincide 
on f/™'+^ for each j, then f = g on \Jj f/j""^^ is evident, since /, g are functions. 

Recall that a family of closed subsets in X is called a family of supports, 
if it satisfies conditions {SPl, SP2): 

{SPl) if S is a closed subset in G, where G & (f), then B & (p; 

{SP2) if Bi, 5„ e 0, m e N, then U^i Bj e 0. 

The family d of supports is called paracompactfying, if satisfies two ad- 
ditional conditions: 

{SP3) each element in is a paracompact space; 

{SPA) each set from has a closed neighborhood belonging to (p. 

The union \Jce<pG —'■ E(0) is called a spread of 0. Put r^(<S) := {s G 
S{X) : \s\ e (f)} for a sheaf S on X, where |s| :— {x & X : s{x) ^ e} 
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denotes its support. Clearly T'^{S) is a subgroup in S{X). For a presheaf 
A on X put A^{X) := {s e A{X) : \s\ G 0}. For a presheaf A on X put 
{s e A(X) : \s\ e (/.}. 

Let now A™'(X; G) be a sheaf generated by the presheaf A"^{.; G). Define 
the differential d : A"'{U; G) A^'+^U; G) by the formula: 

ci/(a;o,...,x„+i) = E;'LV(-1)V(^o,-,%,-,.Wi): where / : U^+' ^ G 
is an arbitrary function. Then / = J2^=o^ fk'^k, where fk G G^, {i^, ..,i2''-i} 
are generators of 2 < r < 3. Hence d is the homomorphism of presheaves 
and = 0, since df = Y.'k=oi.dfk)ik- 

Then twisted Alexander-Spanier cohomologies are defined as 

AS^7{X;G) = H-(A;(X;G))M*(X;G)). 

36. Theorem. Let A be a pre-sheaf on X satisfying Condition 35{S2) 
andS he a sheaf generated by A, where S and A are twisted over {io, ...,i2r-i} 
with 1 < r < 3. Then for each paracompatifying family of supports in X 
there exists the exact sequence 

e Ao{X) A^{X) ^ T^{S) e, where : A{X) ^ S{X) is the 
natural mapping of the presheaf into the generated by it sheaf. 

Proof. Consider s e r^((S) and a neighborhood U of |s| such that d{U) e 
(f), where cl{U) denotes the closure of U in X. Since cl{U) is paracompact 
find a locally finite covering {Uj : j} of cl{U), where each Uj is open in X 
and for which there exists Sj G A{Uj) such that 0{sj) — s\u.. Let {Vj : j} be 
a refinement of {Uj : j} such that U r\cl{Vj) C Uj. 

For X & X the set J{x) :— {j : x & cl{Vj)} is finite, hence for each 
X & X there exists a neighborhood W{x) such that W{x) C Uj and for each 
j e J{x) and every y G W{x) there is the inclusion J{y) C J{x). 

For j G J{x) we get 9{sj{x)) = s{x). Take W{x) sufficiently small such 
that Sj\w{x) =■ does not depend on j G J{x), since J{x) is finite, conse- 
quently, Sx G A{W{x)). 

Let x,y eU, z e W{x) n W{y) and j G J{z), where J{z) C J{x) U J(y). 
Then Sx\w{x)nw{y) = Sy\w{x)r\W{y)- Due to Condition {S2) there exists (3 G 
74([/) such that P\wix) = for each x E U, clearly, 9{P) = s\u. 

Take now G & 4> such that \s\ C IntiC) and G C U, where IntiC) 
denotes the interior of G. If x G G \ Int{G), then 9{(3){x) = s{x) — 0. 
Therefore, there exists a covering {Qj} of G \ Int{G) with open in X sets 

such that Qj C C/ and tjg^ = for every j. 

Choose the open covering {Qj} U {/nt(G),X \ G} of X and elements 
e G A{Qj), I3\int{c) G A[Int{C)) and e G 74(X \ G). Restrictions of each two 
elements on a common part of their domains of definition coincide. Hence 
due to Condition {S2) such elements have a common extension q G A{X) 
and inevitably 6{q) — s and \q\ — \0{q)\ — \s\ G 0. The sequence e — > 
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Aq{X) A(f){X) — ^ ^4>{<S) ^ e is exact, since each subsequence e — ^ 
/lo,fc(X) A^^k{X) r^_fc(5) ^ e is exact, where = Efc=o^ ^0,fc4 and 
= Sfe=o^r0fci/j, where each is commutative and they are pairwise 
isomorphic for different k, as well as F^^fe are commutative and pairwise 
isomorphic for different values of k, since the sheaf S is twisted over the 
group of standard generators {io, i2'^-i} of the Cayley-Dickson algebra 

Mention, that for a pre-sheaf A satisfying Condition (SI) we have Aq{X) = 

e. 

37. Corollary. Let conditions of Theorem 36 be satisfied. Then for a 
paracompactifying family of supports there exists the natural isomorphism: 

H^(X; G) H™(r^(5*(X; G)). 

Proof. This follows immediately from Theorem 36 and §35. 

38. Twisted singular cohomologies. 

Let i3 be a locally finite twisted sheaf on X, that is a group B{U) satisfies 
Conditions 4(A1, A2, CI, C2) for each U open in X. For U C X denote by 
S"^{U; B) the group of singular m-dimensional cochains of the space U with 
coefficients in B. Each element / G S"^{U;B) is a function posing for each 
m-dimensional simplex a : A"* U a section f{a) e r{a*{B)), where A'" is 
a standard m-dimensional simplex. 

The pre-sheaf S"^{.;B) satisfies Condition (52). The sheaf B is locally 
constant, then the sheaf a*{B) is constant on A™, since the simplex A™ is 
simply connected, where m > 1. Therefore, there exists a usual coboundary 
operator d : ^ S'^+^UiB). 

Consider the sheaf S"^{U;B) generated by a pre-sheaf U i— > S"^{U;B). 
Then the differential in the pre-sheaf induces the differential in the sheaf. 
For a locally constant sheaf B singular cohomologies with coefficients in B 
and supports in the family are defined as AH™(X;i3) = H™(5'^(X; 
Since B is the twisted sheaf over {io, ^2^-l}, then S^{X; B) and inevitably 
aH^(X;B) are twisted over {io, ...,i2r_i}. 

Let U := {Uj : j} be an open covering of X and let S*{U\B) be a 
group of singular cochains defined on singular simplices subordinated to the 
covering U. With the help of the subdivision we get, that the homomor- 
phism hu : S*{X;B) S*{U;B) induces the isomorphism of cohomolo- 
gies, consequently, the complex Ku — kerbu is acyclic. On the other hand, 
S;{X;B) = [jKlf = ind-\imKu, hence H*{S^{X;B)) = H*(md-lim Xj^) = 
ind — lim H*{K^) = e. 

Thus for a paracompatifying family of supports from the exactness of the 
sequence 
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and Theorem 36 it follows the isomorphism aH^(X;,B) ^ H"' {T ^{S* {X ; B))) . 
39. Twisted differential sheaves. 

A graded sheaf is a sequence {S"^ : m e Z} of sheaves, which is called a 
differential sheaf if there are homomorphisms 

(1) d : 5™ — > ^m+i ^^(.]^ (p = Q for each m. This sheaf may be 
twisted over {io, ...,i2'--i}, where 2 < r < 3. In this case we suppose that 

(2) up to an automorphisms 9m'- S'^ ^ S'^ we have 9m+i°d{S'^) C 5™+^ 
for each A; = 0, 2'' - 1. 

A differential sheaf S* having <S"^ = for each m < and supplied with 
the augmentation homomorphism £ : B ^ m called the resolvent of the 
sheaf, if the sequence 

e ^ B ^ 5° ^ 51 ^ 52 ^ ... 
is exact. 

The notion of differential graded pre-sheaves is formulated analogously. 
If 5"^ is twisted, that is S"' = S^Iq + ... + Sl^r_^i2r-i, where 5f and Sf are 
pairwise isomorphic and commutative for each k ^ j, then Ker{d : 
gm+i -^ and Im{d : S"^~^ — > 5™) are twisted as well, since up to isomorphisms 
9m: S"^ ^ S"" we have 9m+i o d{S]P) C 5^+^ for each A; = 0, 2'' - 1. 

A sheaf of cohomologies (in another words a derivative sheaf) is defined 
as H'"(5*) = Kerid : S"" S"'+^)/Im{d : 5™"! ^ 5"^). If S* is generated 
by a differential pre-sheaf S*, then H"^((S*) is generated by the pre-sheaf 

For a sheaf B on topological space X and an open subset U <Z X denote 
by y^{U]B) a set of all mappings (may be discontinuous) f : U ^ B such 
that n o f = id is the identity mapping on U, where n : B ^ X is the 
canonical projection. Thus Y°(f/;i3) = Hxeu and it is the group with 
the pointwise group operation. Therefore, U Y^{U; B) is the pre-sheaf 
satisfying Conditions {S1,S2), hence it is the sheaf which we denote by 
y°{X;B). If is twisted, then y°{U;B) is twisted as well. 

The inclusion of all continuous sections of B into the family of all sections 
not necessarily continuous induces the augmentation homomorphism e : B ^ 

y\x-B). 

For a family of supports put Y^(X;B) = V^{y^{X-B). If e ^ Bi ^ 
B2 ^ Bz ^ e is a short exact sequence of sheaves (may be twisted), then 
the sequence of pre-sheaves e ^ Y0(X; Bi) y\X- B2) Y°(X; B?) ^ e is 
exact. If / G Y°(X; B), then its support is |/| := cl{x : f{x) 7^ e}. Therefore, 
/ is an image of a section g of the sheaf B such that g is not necessarily 
continuous and g{x) = e if f{x) — e ioi x & X, hence \g\ = \ f\ e (f). 

Denote by Z^(X;B) the cokernel of the homomorphism e such that the 
sequence e — > B ^ y^{X;B) ^ Z\X-B) is exact. Define by induction 
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the sheaves 

y^iXiB) =y%X;Z^{X;B)), Z'^+^{X-B) = Z^{X- Z^{X-B)). 

If B is twisted over {io, ..,i2^-i}, then Z^{X;B) is twisted as well and by 
induction Z"^{X;B) and y"^{X;B) are twisted for each m G N. Therefore, 
the sequence e ^ Z"'{X;B) y^'^X-B) ^ Z"'+^{X;B) ^ e is exact. 

Consider the composition d = £ o 5 for y"^{X;B) Z'^'^^{X;B) 
-ym+ij^j^. then the sequence 

e ^ i3 ^ 3^°(X;i3) ^ 3^^(X;i3) ^ 3^2(X;i3) ^ ... is exact. Thus, 
y*{X;B) is the resolvent of the sheaf B, which is called the canonical resol- 
vent. 

40. Proposition. The canonical resolvent of the twisted sheaf B is 
fiberwise homotopically trivial. 

Proof. Consider the homomorphism Y^{U;B) — > B^ such that U 3 
X f{x) e B^ for each / e Y^{U]B) and x e U. The direct limit by 
neighborhoods of a point x induces the homomorphism rj^ : y'^iX; B)^ — > B^^ 
consequently, Tjx o e : Bx ^ Bx is the identity isomorphism, where rjx o 
e{z) = r]x{e{z)). Define the homomorphism Ux : Z^{X;B) y^{X;B) by 
the formula i^x ° d = 1 — e o 7]x which defines i^x in a unique way. Therefore, 
there exists a fiber splitting 

Z"'{X;B)x y^iX-^B) Z"'+\X;B)x and 

Z"'lx;B)x ^ y^^X-B) ^ Z"'+\X;B)x. Put Dx := i^x o rjx : 
y"'{X;B)x y"'-^{X;B)x for m > 0. Therefore, d o Dx + Dx o d = 
eodoi/xor]x + i'x°i]x°^°d = eofjx + i'xod = 1 on 3^™(X; B) for m > 0. At the 
same time on y^{X; B)x we have DxO d = Vx^Vx^ ^ ° d = UxO d = 1 — eorjx- 
This means, that y*{X;B)x is homotopically fiberwise trivial resolvent. 

41. Remark. The functor y'^{X; B) is exact by B, hence Z^{X; B) is also 
the exact functor by B. Using induction we get, that all functors y"^{X; B) 
and Z™-{X]B) are exact by B. For an arbitrary family of supports on 
X put YJ{X-B) := T^{y"'{X-B)) = Y^(X; B)). Since the functor 
Y°(X; *) is exact, then the functor Y^(X;,B) is exact. 

42. Definition. Cohomologies in X with supports in with coefficients 
in B are defined as H^{X;B) H™(Y;(X; 

42.1. Note. The sequence e ^ T^{B) T^y^iX; B)) T^{y\X; B)) 
is exact, consequently, T'^(B) = H^{X;B). If there is a short exact sequence 
of twisted sheaves e ^ Bi ^ B2 ^ B3 ^ e on X , then it implies the exact 
sequence of cochain complexes 

e ^ Yl{X;Bi) Y;(X;B2) Yl{X;Bs) e, that in its turn induces 
the long exact sequence 

... H^(X;Si) ^ H;"(X;i32) ^ H^iX-B^) H^+\X;B,) ^ .... 

43. Definition. Let G be a topological group satisfying conditions 
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4:{A1, A2, CI, C2) such that G is a multiphcative group of the ring G, where 
1 < r < 2. Then define the smashed product such that it is a multi- 
plicative group of the ring G'"^ := G ®i G , where / = denotes the doubling 
generator, the multiplication in G 0/ G is 

(1) (a + 6/)(c + vl) = (ac — v*b) + {va + bc*)l for each a, b,c,v E G, where 
V* = conjiy). 

A smashed product Mi®iM2 of manifolds Mi, M2 over Ar with dim{Mi) = 
dim{M2) is defined to be an Ar+i manifold with local coordinates z = (x, yl), 
where x in Mi and y in M2 are local coordinates. 

44. Theorem. There exists smashed products S'^ := Si ®i S2 on 
X = Xi = X2 and S'^ := Si<§)iS2 on X = Xi x X2 over {io, ...,i2r+i-i} 
of isomorphic twisted sheaves Si on Xi and S2 on X2 over {zq, ...,12^-1} with 
Xi = X2, in particular of wrap sheaves, where 1 < r < 2, I = i2r. 

Proof. If Sj is a sheaf on a topological space Xj twisted over {io, ...,22^-1}, 
then Sj = SojioQ) ■..®S2r-iji2r-i, where Sk,j{U) = Skj{U)U{0} are commu- 
tative rings for each U open in Xj, Skj are sheaves on Xj pairwise isomorphic 
for different values of k. Then for X = Xi = X2 take S^ := {Si)x ®z {S2)x for 
each X E X in accordance with Definition 43, that defines the twisted sheaf 
5 on X over {io, ■■■,i2^+^~i} due to Proposition 19 [22]. This sheaf S is the 
smashed tensor product of sheaves. 

If X = Xi X X2, then take S" := Si^iS2 = (vTi^i) (g); {7i2S2), which is 
the smashed complete tensor product of sheaves, where tti : X — > Xi and 
7r2 : X — i> X2 are projections. 

45. Corollary. Let X2 = X2,i ®i X2,2 be the smashed product, where Xi 
and X2 are and Hp pseudo-manifolds respectively over Ar+i, 1 < r < 2. 
Then the restriction the smashed complete tensor product of wrap sheaves 
<Sw,Xi,X2,i,g®i'Sw,Xi,X2,2,g ^1 ^ ^2 is isomorphic with Sw,Xi,X2,g'' > where 

is the smashed tensor product := Q0iQ twisted over {io, «2'-+i-i} of 
a sheaf Q twisted over {io, ^2'--i} on Xi, Ai := {{x,x) : x G Xi} is the 
diagonal in Xf. 

Proof. The smashed product of manifolds was described in details in 
the proof of Theorem 20 [22]. Consider an Ar shadow of Xi that exists, 
since ^r+i = Ar © Arl, where I = i2r. For each U open in Xi there exists 
a group G{U), hence G{U) GiU) is defined due to Proposition 19 [22], 
that gives the sheaf Q'^ on Xi. Then wrap sheaves Sw,Xi,X2b,G '^^^^ -^r are 
defined, where b = 1,2. Thus the statement of this corollary follows from 
Proposition 19 [22] and Theorem 44, modifying the proof of §34 for the 
smashed complete tensor product instead of complete tensor product so that 
7^,u{so,k+q) = P^i,«i(so,fc+g) ®i P^2,„2(so,fc+g) G G' wlth E = E(X, G^7r, 
where G = Q{U), U = Ui = U2, consequently, < P^^u >t,h=< P^uui >t,H 
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46. Corollary. Let Xi = Xi^i®iXi^2 and X2 = -^2,1®/ -^2,2 are smashed 
products, where Xi, and X2 are and iJ* pseudo-manifolds respectively 
over Ar+i, 1 < r < 2. Then the wrap sheaf Sw,Xi,X2,Q'' is twisted over 
{io, i2''+i-i} and is isomorphic with the smashed complete tensor product 
of twice iterated wrap sheaves 

where is the smashed tensor product := Q®iQ of a twisted sheaf Q over 
{io, ...,^2'■-l} on Xi. 

Proof. Consider projections T^bj '■ Xf, — > Xbj, where j,b = 1,2. Each 
Ar+i manifold has the shadow which is the Ar manifold, since 
Arl. If U is open in Xi j^ then 7rf j(f/) is open in Xi and there exists a group 
6;(7ri;j(f/)), wherej = l,2. 

Hence there exist the projection sheaves Qj = t^ijG on Xij induced by 
Q such that Qj{U) := Q{t^\^{U)). Denote Qj on Xij also by since Qj is 
obtained from Q by taking the specific subfamily of open subsets. For Ui 
open in Xi 1 and U2 open in Xi 2 take U = Ui x U2 open in Xi. The family 
of all such subsets gives the base of the topology in Xi. 

In accordance with Definition 43 there exists Q{U) ®i Q{U) =: Q'^{U), 
that induces Q^ on Xi such that Q^ = Qx Qx for each x E Xi. Therefore, 
every element q + vl is in Q'^{U) for each q,v E Q{U). Thus the statement of 
this corollary follows from §25, Theorems 20 [22j and 44. 

47. Consider now the iterated wrap sheaf Sw,Xi,X2,g;b of iterated wrap 
groups {W'^ E)b,oo,H with 6 G N instead of wrap groups for 6 = 1 such that 
for its presheaf 

(1) FbiUxV) = n.o.i,...,.o,.eMcc/;,oe^cy(W^*''^^°''^''='-"'^^; N, G(f/), P)b;oo,H, 
where su^^u-^ : G{Ui) G{U2) is the restriction mapping for each U2 C Ui 

so that the parallel transport structure for M C t/ is defined, where Q is the 
sheaf on Xi, G{U) = Q{U), pseudo-manifolds Xi and X2 and the sheaf Q 
are of class H!^ (see also §25). 

Corollary. There exists a homomorphism of of iterated wrap sheaves 6 : 
Sw,Xi,X2,g;a ® <Sw,XuX2,g;b <Sw,Xi,X2,g;a+b for cach a,b eN. Moreover, if Q 
is either associative or alternative, then 6 is either associative or alternative. 

Proof. For pre-sheaves the mapping 

(2) e : FaiU xV)® FbiU xV)^ Fa+biU x V) 

is induced by Formula 47(1) and due to Theorem 21 [22j. Then 6 has the 
extension on the sheaf of iterated wrap groups, since {Sw,Xi,X2,Q;a) z = 'ind — 
\miFaiU X V), where the direct limit is taken by open subsets f/ x for a 
point z = xxyGXfx X2, x G Xf , y G X2, such that x <Z U , y E V , U is 
open in Xi, V is open in X2. 

The inductive limit topology in {Sw,x^,X2,g]a)z is the finest topology rel- 
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ative to which each embedding Fa{U x V) ^ {Sw,Xi,X2,g;a)z is continuous. 
If / G {Sw,XuX2,g;a)z and g e {Sw,XuX2,g;b)z, then there exist open Ui x Vi 
and U2 X V2 such that / G Fa{Ui x Vi) and g G -F5(f/2 x 1/2), consequently, 
/ G F„(f/ X V) and ^ G ^^(f/ x V), where [/ = f/i U t/s and = I/1 U I/2, 
hence 9{f,g) G Fa+biU x \^). From (2) and the definition of the inductive 
hmit topology it follows, that 6 is continuous, since on iterated wrap groups 
9 is H'^ differentiable. 

Moreover, in accordance with Theorem 21 [22] 9 is either associative or 
alternative if Q is associative or alternative. 

48. Note. Let be a family of supports in X and ;B be a sheaf on X, 
where B may be twisted. A sheaf B is called 0-acyclic, if H^(X; i3) = for 
each 6 > 0. 

Let C* be a resolvent of B. Put := Ker{C^ £^+1) = Im{C^-^ 
C^), where Z° = B. An exact sequence 

(1) e ^ Z^-i ^ £^-1 ^ Z'' ^ e 
induces an exact sequence 

(2) e - r<^(z^-;) r,(/:^-i) ^ r<^_(z'') h^X; z"-^). 

Therefore, there exists the monomorphism 

(3) H\T,iC*)) = T,iZ')/ImiT,iC''-' T^iZ")) Hl{X;Z'-'). 
Moreover, the sequence e ^ Z^ ^ ^ £}' ^ Z^ e induces the 

homomorphism: 

(4) H\~\X;Z'-"+^)^Hl{X;Z'--). 
Define k as the composition 

(5) H\V,{C*)) - Hl{X-Z'-^) ^ Hl{X-Z'-^) ... ^ H\{X-Z'). 

If all sheaves are 0-acyclic, then (3, 4) are isomorphisms. We call n 
natural, if from the commutativity of the diagram: 

B — ^ C* 

if ig 

S — y M* 

where is a homomorphism of resolvents the commutativity of the diagram 

H\V^{C*) ^ %{X-B) 

ig* if* 

follows. Thus we get the statement. 

48.1. Theorem. // C* is the resolvent of the sheaf B, consisting of 
(f)-acydic sheaves, then for each 6 G N the natural mapping 

K : H^(Tff,{C) H\{X]B) is the isomorphism. 
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In view of the latter theorem if g : C* ^ A4* is the homomorphism of 
two resolvents of the sheaf B consisting of ^-acyclic sheaves, then the induced 
mapping H''(r<^(>C*)) — > H^(r^{M.*)) is an isomorphism. 

48.2. Corollary. If e ^ ^ ^ C"^ ^ ... is an exact sequence of 
(p-acyclic sheaves, then the corresponding sequence e —>■ T^{C^) —>■ r^{C^) —>■ 
r^(jC^) is exact. 

Proof. In view of Theorem 48.1 H^(r^(£*)) = H^^{X;e). On the other 
hand, Y^{X;e) = e, since y^{X;e) = e and hence y"'{X;e) = e for all n, 
consequently, H^(r<y,(£*)) = e for each b. 

49. Differential forms and tv^isted cohomologies over octonions. 
A bar resolution exists for any sheaf or a complex of sheaves. Consider 
differential forms on N. In local coordinates write a differential /c-form as 

(1) ty = Ej fj{z)dxbij^ A dxb^j^ A ... A dxb^^j^^, 
where fj : N Ar, z = (zi,Z2, ■■■) are local coordinates in N, Zb = Xbflio + 
3^6,1^1 + ••• + Xb.2^_ii2r-i, where Zb G Ar, Xbj G R for each b and every 
j = 0, 1, ...,2'' - 1, J = ji;62, j2; ■■■■,hjk)- For the sheaf S^^j^^ of germs 
of Ar valued /c-forms on N has a bar resolution: 

fo\ n ^ c*; , Ck ^ , ck ^ , 

where ab^At denotes the sheaf of germs of AB'^Ar valued /c-forms on N. 

Denote by Z(g, Cr) the group analogous to Z(Cr) with u E Cr replaced on 
M^, where u'^ is considered as equivalent with (— m)*^, g G N. Therefore, the 
exponential sequence 

(3) ^ Z{Cr)N C^^iN, Ar) ^ C^{N, a;) ^ 
can be considered as a quasi-isomorphism: 

'Z{Cr)N C^{N,Ar) 

i i exp 

— ^ C^iN^A;) 

between the complex Z(Cr)g : Z{Cr)N ^ C°°(iV, A) and the sheaf C°°(A^, A*) 
of germs of C°° functions from into A* placed in degree one, that is 
C^{N,A*.)[—1], where ri{z) = 2nz for each z and cxp(O) = 1 (see also §19), 
Ar is considered as the additive group {Ar, +), while A* is the multiplicative 
group x). More generally this gives the quasi-isomorphism: 

(4) Z{l,Cr)N^C^{N,A)^S},^j,^^...^S%-X and 

c-{n,a;) ^ ^v^-^'^^i 

with vertical homomorphisms Z(l,Cr)jv ^ 0, C°°{N,Ar) C°°{N,A*), 

^N,Ar ^N,Ar^--^^N^Ar ^ ^f^X ^r 2 < ? G N, whcrc e(/) := exp(/) 
between a degree q smooth twisted complex 

(5) Z{Cr)^ : Z{Cr)N - C~(Ar, 

and the complex S^'^{N, Ar){dLn)[—l], where 
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(6) S<''iN,Ar)idLn) : C-^{N, A;)^Sh,A,.^...^SlX- 

The hypercohomology h^'^{N, Z(Cr)^) of Z(Cr)^ is a twisted non-commutative 
for r = 2 and non-associative analog for r = 3 of smooth Deligne cohomology 
of A^, since A2 = H = C©22C and ^3 = = C®i2C®HC®i6C are quater- 
nion and octonion algebras over R with the corresponding twisted structures 
causing twisted structures of AG and BG as above. Thus hypercohomolgies 
have induced twisted structures. We have that S^''{N, Ar){dLn)) is a tran- 
cation of the acyclic resolution (6) of the constant sheaf {A*.)n- Therefore, 
the quasi-isomorphism (5) implies 

(7) h^^N, Z{Cr)lS) = h^''~\S<'^{N,Ar){dLn)) for each b and q. 

For the covering dimension b = dimN (see [lOj) there are the isomor- 
phisms: 

(8) h^\S<^+^{N,Ar){dLn))^ fM\N,A;)^Al, the composition of 
which is the isomorphism: 

(9) T^ : t}^\S<'+\N,Ar){dLn))^A:. 

There is useful the short exact sequence of complexes of sheaves: 

(10) (^;),v ^ C^{N,Al) ^ S\N,Ar) ^ ... ^ S'i{N,Ar) ^ 
Si+^^^\N,A) ^ 0, 

where S''^^''^\N,Ar) denotes the sheaf of germs of closed Ar valued g + 1 
forms on N . 

50. Remark. Consider an open covering V := {Vj : j G J} of a 
manifold iV, denote by T{E) := {gj : gj G T{Vj,E),j G J} a family of 
local trivializations of where J is a set. If 14 fl 7^ 0, then the quotient 
dkj '■= 9k{)-/9j) is an smooth ^*-valued function on Vfc fl Ij, where 
l<r<3. Ifl<r<2, then Ar is associative and gkjdj,! = gk,i on 
Vk nVj nVi, when the latter set is not empty. 

For r = 3 the octonion algebra O is only alternative and generally gk,jgj,i 
may be different from gk^i- Already for quaternions and moreover for octo- 
nions Ln{xy) generally may be different from Ln{x) + Ln{y) for x, ?/ G Ar 
with 2 < r < 3 because of non-commutativity. 

In view of Proposition 3.2 [27l [28] for each x,y & Ar there exists z G Ar 
such that 

(1) e^^ey = e = e"+''e^(*^'^), where a = Re{x), b = Re{y), M = x - 
Re{x) =: Im{x), N = Im^y), K = Im{z). As usually we denote by In the 
natural logarithmic function in the commutative case < r < 1, while Ln 
denotes the natural logarithmic function over Ar when 2 < r (see Section 
3 in [27l [28] and [32]). The logarithmic function is defined on Ar \ {0} for 
non-zero Cayley-Dickson numbers and has a non-commutative analog of the 
Riemann surface so that exp and Ln are Ar holomorphic. For each Cayley- 
Dickson number v in the multiplicative group ^* = \ {0} there exists 
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X E Ar such that = v. Then 

(2) Ln(e^e^) = Ln(e^) = a + b + K{M, N), where 

(3) K{M, N) - M - N ^: P{M, N) may be non-zero. Express the real 
part as 

(4) Re{z) = {z + {T - 2y^{-z + Y.Jji ^,(^S*)})/2> then 

(5) Im{z) ^z- Re{z) = {z - (2^ - 2)-\-z + Ef=i' ^Azi*)})/2 

and fix these ^-representations with which M — M{x), N — N{y) and 
P{M, N) are locally analytic functions by x and y. Put 

(6) Ln{fk) = Wk and 

(7) Ln{gkj) = Wk - Wj + u^j and 

(8) Ln{gk,i) = Ln{gkj) + Ln{gj^) + 7]k,j,i, 

so that Wk and Ukj and rjkj^i are H°° difi^erential 1-forms. Then from (6 — 8) 
it follows, that 

(9) Wk-wi + Vk,i ^Wk- Wj + Vk,j + Wj -wi + Vj^i r]k,j,k and hence 

(10) = T^k,l - l^k,j - 

Generally 'r]k,j,i may be non-zero because of non-commutativity or non-associativity. 
In view of the alternativity of the octonion algebra O the identities 

M N KM K —N N —M K j —K —N —M 

e'"e — e , e — e e , e — e e and e — e e are equiva- 
lent, that leads to the identities: 

(11) M = K{K{M, N), -N). N = K{-M, K{M, iV)), K{M, N) = -K{-N, -ik 
where M, N, K are purely imaginary octonions, moreover, K(M, 0) = M, 

K{0, N) = iV, since e° = 1. 

Let E{N, A* ,7r, "if) be an H°° principal ^*-bundle with transition func- 
tions {gkj : Vk C] Vj —>■ A* : k,j} and consider a family {wk,i'k,j,Vk,j,i '■ 
k.j.l} of 1-forms related by Equations (6 — 8) so that wj G r(V^-, 5^^^), 

Uk,j e T{Vk n v„Sj,^^J for Vk n V, ^ 0, rik,j,i e r{Vk n Vj n v^,cS^,^j' for 

VkOVjnViy^ 0, where k, j, I e J. 

Consider a C°° partition of unity {fj : j G J} subordinated to the covering 
V. Then 

(12) -w{x) = \ fj^,fj„...,fj„,-Wj,{x),-Wj,{x),...,-Wj„{x)\ and 

(13) -U{X) = \ fjJko, fnfkl, ■-, fjjkn, -^jo,koi^)^ -^jlMi^)^ -^ju,kn{^)\ 

and 

(14) -r]{x) = \ fjJkoflo, fjjkjh, fj„fkr,fu, -VjoMoi^)^ -^jl,kl,hi^)^ -^jn,k„,lni 

where Wj{x) and Uj^ki^x) and rij^k,i{x) denote the restriction ofwj and uj^k and 
rjj^k,i to TxN so that Wj{x) and i^j,k{x) and rjk,j,i{x) are A^^- valued 1-forms 
on iV, 

(15) n,{-w{x)) = IfjoJnix), ...Jj^ix); [wj^{x)-Wj,{x)+Uj,j,{x)\...\wj^_^{x)- 

where tt : EAr BA, is the standard projection. 

The principal G-bundle E[N, G, tt, ^) is a pull-back of the universal bun- 
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die AG BG by a classifying mapping 5'E(iv,G,7r,*) : N — > BG. In terms of 
transition functions 

(16) gE(N,A*r,^,^) = \fh{x)Jj,{x), ...,fj^{x); [gjo,h{x)\gh,j2{x)\---\9jn-i,jn{x)]\- 
Therefore, 

(17) n^{w) + dLn{gE(N,A*r,^,^)) = 0' 

where for any differentiable function g : U ^ BA* we have 
g{x) = |/o(a;),/i(a;),...,/„(a;); [^i(a;)|...|^„(a;)]|. While 

(18) dLn{g{x)) := |/o(a:), /i(x), /^(a;); [dLn{gi{x))\...\dLn{gn{x))\\. 
Consider the total complex {ToriB^jf"^), D) of B^"^ . Then a (6 - 1)- 

cocycle in the total complex is a sequence {g, wi, w^-i), where g e H°°{N, AB^ 
and Wj G S^^^^.i.j^^ (A^) satisfying conditions: 

a{g) = which means that is a differentiable mapping from N into 

(t{wi) + dLn{g) = means that wi is a connection on the differentiable 
principal i?''~^^*-bundle over N induced by g; 

a{wj^i) + {—iydwj = serves as the definition of a (j + l)-connection on a 
differentiable principal S''~^^*-bundle E ^ B associated with the mapping 
for 1 < J < 6—2. Then the sequence {g, Wi, Wj) is called the j-connection 
bar cocycle. 

There exists an equivalence relation in the group of differentiable principal 
S''~^^*-bundles with (6— l)-connections which is induced by the cohomology 
equivalence relation in the complex {Tot*{B*j^"^''), D). Thus H^-^{Tot*{B*'<^), D) 
can be identified with a group E(A^, B'''~^A*, V**^^) of equivalence classes of 
differentiable principal 5''~^^*-bundles with {b — l)-connections. 

An assignment {g,wi,W2, ..■,Wb-i) ^ {—l)^~^dwb-i induces a homomor- 
phism K : E{N, B^-'^A;,V^~^) S^^^{N) called the curvature of the b- 
connection {g, Wi, W2, ...,Wb-i). The kernel ker{K) is isomorphic to the group 
E(A'", B''~'^A*, V-^'"*) of isomorphism classes of differentiable principal B'^'^A*- 
bundles with flat connections. 

51. Curvature of holonomy. If v,w E TqR", put 

(1) jv,y,{u) = 4:uv for < M < 1/4, 7„,^(m) = v + 4:{u - l/4:)w for 1/4 < 
u< 1/2, 7^,^(m) = w -4:{u -3 /4:)v for 1/2 < m < 3/4, 7^,^(m) =4(l-M)wfor 
3/4 < It < 1 and 7^.u,(w) := "ysv,sw{u), where < u, s < 1. For a sequence of 
vectors w = {wq, wi, Wg) in TqR" with q define a (g + l)-dimensional 
parallelepiped p[wo, ■■■,Wq] in the Euclidean space R" with q <n if wq, ■■■,Wq 
are linearly independent. Then define 7^o,«'i,«'2(^*i> ^^2) := 77,<,o,,<,i(«i),«'2(«2) 
and by induction 

(2) ^wo,...,w,{ui,-,Ug) = 77,^0. .-,-i{"i.-."«-i).«'.K) 7w(^i>->i*g) — 
Iswiui, Uq), where < ui, ...,Uq, s < 1. This gives the natural parametriza- 
tion of the parallelepiped p[wo, ...,Wq] and the mapping 7^ : S/'"*"^ R" 
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which is continuous and piecewise C°°. Denote by = (0, 0, 1, 0, 0) the 
standard orthonormal basis in R"^ with 1 in the j-th place. Put Ln{diag{ai, ak)) : = 
diag{Ln{ai), Ln{ak)), where Ln is the principal branch of the logarithmic 
function with Ln(l) = and diag{ai, ...,an) is the diagonal matrix with 
entries Oi, ak E A*. 

If h is an (^*) '^-valued holonomy or an homomorphism for a wrap 
group {W^ E)ao,H with M being diffeomorphic with dl"^^^ and ip = 
{yi, ...,yn) is a coordinate system centered at y, ip : V R", V is an open 
neighborhood of a point y in N, then a curvature of /i at y is a g-form 

(3) Ky := Ei<, i<...<jq<n 

{y)dyj,Adyj,A...Adyj^ G A'^T^N, where 

(4) K,,_,^{y) = {-l)nims^oLn[h{4j-\Ye,^_,J)]s-^-\ 
where m> q. 

Consider the inversion {wj^Wj^i) ^ {wj+i,Wj). In view of Theorem 2 
[22] for M being diffeomorphic with (9/™+^ using the iterated loops and 
the mapping i— (1 — uj) we get, that 

(5) Ky{Wg^l),...,Wg(^q+l)) = {-1^ R y {W I , . . . , W g+l) , 

where g G 5*5+1, 5"^ denotes the symmetric group of the set {1, g}, \g\ = 1 
for odd g, while j^fl = 2 for an even transposition g. 

52. Remark. Consider an H°° manifold N and a pseudo-manifold X. A 
mapping 7 : X ^ is called piecewise C°° or H°° smooth if it is continuous 
and the restriction of 7 to each top dimensional simplex of X is a C°° or 
H°° mapping. A piecewise smooth mapping 7 : X — ^ X is called an ori- 
ented singular pseudo-manifold g-cycle, if X is an oriented pseudo-manifold 
g-cycle. Denote by 7.^{N) := Z^(X, N) the group of oriented singular pseudo- 
manifold g-cycles in N . 

If there exists an oriented pseudo-manifold with boundary (Y, dY) with 
a pseudo-diffeomorphism 77 : dY X and a piecewise smooth mapping 
C, :Y ^ N such that 7 = Clay ° where 7 is an oriented singular pseudo- 
manifold g-cycle, then 7 is called an oriented singular pseudo-manifold g- 
boundary in N . Denote by B^(X) := B^(X, N) the group of oriented singular 
pseudo-manifold g-boundaries in N . 

Two oriented singular pseudo-manifold g-cycles 7^ : — > X, j = 1, 2, are 
homologous, if there exists an oriented (g + l)-dimensional pseudo-manifold 
with boundary (F, dY) and a piecewise differentiable mapping : Y ^ N 
such that dY is isomorphic with X1UX2 and CU = 7j up to an isomorphism 
dY = X^U X2 for J = 1,2. 

Then there exists the group H|(X) = T^{N) j^'^^N) of homology classes 
of oriented singular pseudo-manifold g-cycles in X, where the group structure 
is given by the disjoint union. 

Consider a twisted Ar analog of Cheeger-Simons differential group func- 
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tor consisting of pairs {h,a) G H om{Z^ (N) , A*) x (^)o satisfying the 
condition 

(CS) h{dr]) = exp((-l)'?X,a) for each t] E S,+i(A^), 
where Sg(A^) is the group of smooth singular g-chains in A^, S^^(A^)o denotes 
the group of closed differential ^^-valued g-forms on with 27rZ(Cr)-integral 
periods belonging to Xr = {z E Ar ■ Re{z) = 0}, 1 < r < 3. The Cheeger- 
Simons group H^(iV, Z(Cr)) of degree q differential characters on consists 
of homomorphisms h described above. 

Suppose that X is an H!^ pseudo-manifold. Construct quotients T^{N) 

and B^(A^) as quotients of Z^(iV) and B^(A^) by the equivalence relation: 

{El) if 7 : X ^ is an oriented singular pseudo-manifold g-cycle and 
^ is a homeomorphism of X such that its restrictions on all top dimensional 
simplices of a refinement of a triangulation T of X is an diffeomorphism, 
then 7 ~ 70^ and as a class of equivalent elements take < 7 >oo,h which is the 
closure relative to the if^-uniformity of the family of all such 70^. In view of 
the Morse and the Sard theorems (see §§11.2.10, 11 [5]) if 5 G< 7 >oo,p, then 
5 is homologous to 7. Put Hf (X) := zf (X)/B^(Ar), then H^(X) = H^(X) 
are isomorphic. 

53. Higher twisted holonomies. Suppose that E{N, BA*, vr, \E') is 
a differentiable principal -B^*-bundle with a classifying mapping g : N ^ 
B''A* and a g-connection {g,wi, ...,Wq), where 2 < r < 3. Consider a q- 
dimensional orientable closed pseudo-manifold X over Ar and 'j : X ^ N 
an H"^ mapping. We have that B'^A* is g-connected and (7 o 7 : X — > 
B'^A* is homotopic to a constant mapping. This implies an existence of a 
differentiable mapping (707 : X AB'^^^A*. with vr o g o •y = (707, where 
77 : AB'^-^A; B'^A;. On the other hand, 

7r*(7*Wi + dLng~°l) = vr^7*Wi + dLn{g 07) = + dLn{g)) = 0, 

then (7*Wi + dLn{g o 7) is a S^^-valued 1-form on X. 

The projection tt : AAr —>■ BAr induces the surjective homomorphism 
TT* : S-^^,(X) — > S'^^^(X) for each j = 1,2,.... Therefore, there exists an 
A^f-valued 1-form Wj G S-^_4^(X) satisfying the equation: 

TT^Wi = 7*wi + dLn{g o 7). Since (7(7*^2 — divi) = (77*^2 — d'y*wi = 
7*((TW2 — dwi) = 0, then 7*^2 — dwi is an ^^-valued 2-form on X. 

By induction we get, that there exists a differential j-form Wj G S^j^^^{X) 
such that n^Wj = 7*Wj + {—iy^^d'y*Wj^i for each j = 2, g. We have that 
aiYwj+i-iy^^dwj-i) = aYwj + {-iy~^dYwj-i = Yi(^ujj+{-iy~^dwj-i) = 
0, consequently, 7*Wj + {—ly^^dwj-i is an ^^-valued j-form on X. 

The holonomy of the g-connection {g, Wi, Wg) along 7 : X — > X is given 

by 

/i(7) = exp(/;,(7*t^;, + {-lY'^dw^.,)). 
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If there is some other lift Wj-i, then Wj-i = Wj^i + Vj_i, where is a is 
an ^j.- valued {j — l)-form on X. Therefore, 

JxiYwj + {—ly ^dwj-i) in the considered here case of X with dX = 0. 

This holonomy can be generalized in an abstract way for an equivalence 
class ?7 of a g-connection {g,Wi, ...,Wg) along a singular oriented pseudo- 
manifold X of dimension q with an H°° mapping j : X ^ N such that 
/i''(7) e Ar. Define H«+i(X, Z(C,)(g + 1)^) := Hi+\X \ Sx:Z{Cr){q + 
1)^"), where Sx is a singularity of X. If the dimension of X is q, then 
H«+i(X Z(C,)(g + = H'?(X,^;). Since corfim(5x) > 2, then H''(X,^;) 
has a fundamental class that induces an integration along the fundamental 
class isomorphism and H'^{X,A*) = A*. Thus we get the isomorphism : 
Hi+\X, Z(Q)(g+l)~) ^ a;. Therefore, /i^(7) = T^{Y{v)) is the holonomy 
of a g-connection corresponding to an element rj G H'^~^^{N,Z{Cr){q + 
along 7 : X — i> iV for a singular oriented Ar pseudo-manifold (p : X ^ N oi 
a real dimension q, where 2 < r < 3. 

54. Twisted cohomology. Consider a twisted sheaf B over {io, i2'--i}- 
Then a twisted analog of an Alexander-Spanier (or of isomorphic Cech) coho- 
mology with coefficients in B and supports in the family is a5H^(X; B) — 
H*{T^{S*0B)). 

Take an element 77 e AS^'^i^N'^AridLn)) := As^'^iX,S^'^^^{dLn)), where 
N is of dimension q. Write it as 77 = {gj^,Wj^_^, .... w^j,,), where := (jo, ■■■,jb) 
is a multi-index. The ^*-valued g-cocycle gj^ is cohomologous to zero, since 
N is of dimension q. Therefore, H'?(C^(^;)) ^ H^+^N, Z(Q)) ^ 0. If gj^_, 
is a (g — l)-cochain such that 5(^jq_i) = g^'^^, then 

i9j,Si9j,^i)^dLn{gj^_^) +Wj^_^, ...,Wj^,) = (1, rfLn(^j^_ J + wj,,,, wjj =: 
T)'. Denote by D the differential in the twisted complex of S^'^^^ {dLn) , then 
the cocycle condition D{r]') — leads to 5{dLn{g-j^_^) + wj^, J = 0. Since 
^NAr acyclic sheaf, then its twisted complex is exact and inevitably 

there exists a (g — 2)-cocycle w-^^_^ for which 5{ui-^^_.^) = dLn{gj^_^) + Wj^.^. 
Then D{1, — Wj,_2,0, ...,0) + r]' is cohomolous to a cocycle having the form 
(1, 0, Wj„). Continuing this procedure gives a (g — l)-cochain fj — 

(^j^_j, Wj^_2, Wjo) of the twisted complex »S^^_^^^ ((iLrz) such that 77-|-D(77) = 
(1, 0, 0, Wjo). From the cocycle condition D{r] + D{fj)) = it follows that 
Wjo is a global g-form on which we will denote by w. Put 

{i)niv) ■.= exp{{-iyjN^)- 

The mapping of Formula (1) depends only on the cohomology class of 
77, since if 77 = D{f]), then w — 0. Moreover, is independent from a choice 
of the chain fj. Indeed, if fj is another (g — l)-cochain with 77 -|- 1^(77) = 
(1, 0, 0, i/jo), then 1/ — w is an 27rZ(Cr)-integral g-form and inevitably 
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exp(/^(t^ - w)) = 0. 

Define the isomorphism t% : H'^{N,A*) — > A* as the restriction of to 
H*(A'", .4.*) or it can be written as t% = o i^, where i% : a5H^(A^, A*) — > 
A5H"*(3^^^_^^^((iLn)), i^ji^g-jq) = (^'j^, 0, .... 0) is the monomorphism induced 
by the morphism of complexes of sheaves {A*)n S'^'^^l {dLn) . 

Now construct an isomorphism : V\'^{S^'^^^{dLn)) — > H'^(iV, ^*). Con- 
sider the g-cocycle r] as above, then dw-^^ = 0, since A'" is of dimension q. 
This implies an existence of a (g — l)-cochain fj of the twisted complex of 
^N\Ar (dLn) such that r] + D{fi) — {g^^, 0, 0). The cocycle condition D{rj-\- 
— implies that g^^ is a locally constant ^*-valued cochain. Then 
the mapping t] cjj^ induces the isomorphism e% : A5H'^(iS^'^_^^^((iLn)) 
As^'^{N, A*). This construction implies, that e% is the inverse of i%, hence 
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55. Theorem. For an H°° manifold N over e mapping r) ^ 

(see §54) induces an isomorphism h : H'^{S^'^^^{dLn)) — > H^(A'", Z(Cr)). 
Proof. It is sufficient to show, that the following diagram with the upper 

row 

- H^(iV,^;) X Hn5<S^^(dLn)) ^ S%\N), ^ 
and the lower row 

^ Hom{H^{N),A;) ^ H^N, Z(C)) ^ S'Z\N)o ^ 
and with the vertical rows 

H^{N,A;) Hom{H^q{N),A*;) and 

W{S^''X:{dLn)) H^(Ar,Z(0) commutes. For each G W{SpX{dLn)) 
put hijj) := {h^, K^), where W is the holonomy of r] and denotes the cur- 
vature of 77. If 7; = {gj^,Wj^_^,...,Wjo), then K'^ = K{gj^,Wj^_„ ...,Wj^) = 
dwjQ, consequently, the right hand side of the above diagram commutes. 

The universal coefficient theorem isomorphism u : H*(A'^, A*) Hom{H'^{N), A*) 
is induced by a pairing assigning to a mapping 7 : M ^ iV and a co- 
homology class r] G H'^{N,A*) an octonion or quaternion mmiber t^^ 
where t\j denotes the restriction of to H*(A'", ^*). Therefore, for 77 e 
H^(iV, and a g-cycle J2j''T'j'yj, where : M ^ N we get u{ri){J2j'nj'jj) — 



From the equalities h'^{'y) — u{r)){'y) and = ° ^^^d e 
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id for an arbitrary mapping 7 : M ^ it follows that h'N(v)(^) 

T!r/*iliv) = Tl^Ail*{v) = t%(iMiMl*hl) = tliYiv) = 4w'(^)(7)- Since 
h is the homomorphism, then the left hand side square of the diagram is 
commutative as well. 

56. Remark. In view of Theorem 55 every element of H^(A^, Z(Cr)) is 
a holonomy homomorphism. The operator Tx in the definition of the holon- 
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omy uses the integration which is invariant under the equivalence relation 
52{E1). Then the quotient mapping Z^(iV) — > Z^(A^) induces an isomor- 
phism H^(A^,Z(Q)) ^ Hl(N,Z(Cr)), where H^(Ar,Z(Q)) consists of pairs 
{h,v) e //om(Zj(iV),^;) X S^/^\N)o so that /i((9C) = exp{{-l)i J^v) for 
each 9C e B^{N). 

A set theoretic inclusion H^{M, N) — > Z^(M, A?"), where g is a dimension 

of M, induces a group homomorphism k. : {W^N)t,H Z^(M, N). 
Denote by C% ^, the sheaf associated with the pre-sheaf 
U ^ {-f e Hom°^{{W^ N)^^H, a;) : supp{-f) C U}. Section 53 and 
Theorem 55 imply that is an 27rZ(C, )-integral closed {q + l)-form on N. 

56.1. Lemma. For each mapping ( : Y ^ N, where {Y,dY) is 
a pseudo-manifold with boundary dY being a pseudo-manifold over Ar and 
for each extension h : Z^j(Af, N) — > G'^'^ of an differentiable homomor- 
phism h : {W^E)h-^^H being an element off\'^~{N, Z{Cr)) there is the 
identity: 

h{dC) = exp{{-iy J^K^), where b E N, E = E{N,G,7i,'^), G is a 
commutative subgroup in A*, G is isomorphic with C*. 

Proof. In view of the isomorphism Hi{S^1^^{dLn)) HJ(A^, Z{Cr)) each 

element of H'^[N,Z{Cr)) is a holonomy homomorphism. For every pseudo- 
manifold with boundary (Y, dY) and an mapping ( : Y ^ N take a 
partition T of y into small cubes Qj. From the cancellation property of 
holonomies we get that h{dQ = HQj^T hill Qj)^ since G is commutative. On 

the other hand, h is an extension of /i, hence YlQjer MtIqj) = Tlq^er ^(tIqj)- 
Thus the proof reduces to the case of Y being a {q + 1) dimensional cube 
in A!^ X R such that dY is embedded into A!^ and has the real shadow 
d[0, 

If is a Borel measure on Y relative to which the Sobolev uniformity is 
given, then [i{Ys) = 0, since codim(Ys) > 2, where Sy is the singularity of 
Y . Moreover, a Lebesgue measure on R^'^^ induces /i on Y using the fact 
that F \ is an if*'-manifold with t' > [{q + l)/2] + 1. 

For matrix-valued over Ar differential forms w = {wj^k '■ j,k — 1, ...,m) 
put J^w — {J^Wj^k '■ j,k — l,...,m), for diagonal matrices (ai....,a„i) put 
exp(ai, ...,am) := (e"i, e""*), if Oi ^ 0,...,a„ ^ 0, then Ln(ai, a^) = 
(Ln(ai), .... Ln{am)). 

Without loss of generality h is additive and R homogeneous on Zq{N). 
For each n e N divide [0, 1] into n small subintervals, that induces a sub- 
division of [0, l]^"*"-*^ into n^"^^ cubes with vertices denoted by 
where ji, ...,jq+i = 0, 1, ...,n. Consider the wrap 7"i,...j,+i — 7ei/n,...,e,+i/n + 



47 



where ei,...,eq+i is the standard basis of R''+^. 
' Take ^ G H^{Y, E) such that vr o ^ = 7. Therefore, 

= hm„^oo hm,^o[i^n o 77,,...,,,+ J] ^^''-'^^-'^^S 

where ^*Ky = ^*K{y)dxi A ... A dxg+i for each y & N. Taking s = 1/n gives 

= hm„^oo Ln h{i o 7;,,...,,,+J 

= Urn™ Ln(n,i,...,,,+, /i(eo7;i,...,,,+J) = lim„^^ Ln h{Ej,,...j,+, 
= hm^^oo Lnh{^ o .^0) = Kl)^ 

since /i(7iAA~^72) = /i(7i72) and G is commutative, where A : F ^ is a 
path joining marked points yi and 1/2 of wraps 71 and 72, that is 7j(so,g) = yj 
and A(so,q) = 2/1, A(so,g+fc) = I/2 while A"^(so,g) = 2/2 and A"^(so,q+fc) = l/i for 
each j = 1,2 and g = 1, k. 

57. Lemma. Suppose that (f) : A C X is a pointed inclusion of CW- 
complexes and 9 : X ^ X/A is the quotient mapping. Let a group G be 
twisted over {io,...,i2r-i}. ThenO, : (VT^^E; X, G, P)*,^ ^ X/A, G, P) 
is a principal iW^'^ E; A, G, P)t^H-bundle. 

Proof. Let G, E and B be topological groups so that G acts effectively 
on E. Consider U open in B with e E U. Suppose that vr : ^ i? is an open 
surjective mapping. Each G-equivariant mapping ^ : tt~^ G induces a local 
trivialization of n : E ^ B over U. A group structure in E induces a system 
of local trivializations of E/B. It is described as follows. For each v E E 
take an open subset Uy = n{vTT^^{U)) in B. Then the family {f4 : v G E} 
forms an open covering of B. For each v E E there exists a G-equivariant 
mapping C,^ : n'^CUv) = vn'^^U) G given by C,v{x) = ^{v~^x). 

Therefore, an open surjective mapping it : E B is a principal G-bundle 
if and only if there exists a neighborhood U of the unit element e in i? and 
a G-equivariant mapping ^ : 7r^^(f/) G. 

Since the group G is twisted, then due to Proposition 19 and Theorem 
20 [22] it is sufficient to prove this Lemma for the commutative group Gq. 

Consider a deformation retraction rj : [0,1] x V ^ A of V onto A, 
where V is an open neighborhood of A, put U = 9^[(W^^E; V, Gq, P)*,^]. A 
{W^^E; A, Go, P)t,H-equivariant mapping ^ : iO,)-\U) = {W^^E; W, Gq, P)t,H 
(W^^^E; A, Go, P)t,H is given by the formula ^(< P^,„ >t,H) =< r]{l, >t,H 
due to Propositions 7.1 and 13(2) [22]. 

58. Theorem. For each connected smooth manifold N , the homomor- 
phism K induces an isomorphism 

: MiW^'E;N,A:,P)b;oo,H) ^ H^6(Ar,Z(C,)), where l<beN,q is 
a dimension of M. 

Proof. The uniform space H^{M, E) is everywhere dense in the uni- 
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form space C^{M,E) of all continuous mappings from M into E, where M 
is an iff"-pseudo-manifold. Therefore, there exists an extension of i-^ 
itq{{W E;N,Al,P)b;oo,H) to a functor on the category of pointed CW- 
complexes and pointed continuous mappings, that does not change a ho- 
motopy type. 

Recall a reduced homology theory. It is a functor from the category of 
pointed CW-complexes and pointed continuous mappings into the category 
of graded twisted groups satisfying the properties {HI — H4). 

{HI). For each pointed continuous mapping of CW-complexes / : X — > y 
and a G Z, the induced homomorphism /* : Ha(X) — > Ha(F) depends only 
on the homotopy type of /. 

{H2). For each pointed CW-complex X and a G Z there is a natural 
isomorphism 

Ex : H,(X) ^ H„+i(SX), 
where EX is a reduced suspension of X. 

(if3). For each pointed inclusion i : A C X of CW-complexes and a G Z 
the sequence 

H,(A) ^ H„(X) ^ Ua{X/A) is exact, 
where g : X X/A is the quotient mapping. 

{Hi). Ha{S^) = e for a 7^ 1 and Hi(S'^) = Z. These properties are 
standard and they are demonstrated in Lemma 4.5 |12| for commutative 
groups. Due to Conditions 4(^1,^42) on twisted groups we get the reduced 
twisted homology theory. 

Inview ofLemmSibT nj{{W^^ E; A,G,P)t,H) ^ Trj{{W^ E; X,G,P)t,H) - 
7ij{{W^ E] X/A, G, P)t,H) is a fragment of the long exact homotopy sequence 
of the fibration 9^, where G is the twisted group over {io, ^2'^-i}, j = 
0, 1, 2, .... Moreover, Conditions {H2, H3) follow from Lemma 57. Therefore, 
Properties {HI — HA) for twisted groups are direct consequences of the cor- 
responding properties for commutative groups. Though for the proof of this 
theorem the case of commutative graded groups is sufficient. 

Since k is a natural transformation of homology theory and in view of 
Proposition 19 and Theorem 20 [22] this induces the isomorphism k*. 

59. Proposition. The curvature morphism K : C]^ j^^, ^V'^if ^•^ 
isomorphism. 

Proof. The family Cm := R © MR with M G A, ^e(M) = and 
\M\ = 1 is such that its union gives Um Cm = Ar. In view of Theorem 
55 and Lemma 56.1 i^' is a monomorphism and an epimorphism from j^, 

onto S'p'](f . This gives the statement of this proposition. 

60. Theorem. The restriction homomorphism k* : Ho'm{Zgfj{M, N), A*) 
Hom{{W^ N)b;oo,H, A*) induces an isomorphism 
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k : H|'(iV,Z(C,)) ^ Hom'^{{W^N)b.oo,H,Ar), where 1 <b eN, q is a 
covering dimension of M , M and N are over Ar- 

Proof. Each homomorphism h : Z^j(M, N) — > .4* is a holonomy of 
H^^(A'", Z(Cr)), since the holonomy induces an isomorphism H*^(<S^^_^^^(dLn)) - 
H|(iV,Z(Q)). Then the restriction of h on {W^E\^^h is of class, 
where E = E{N,G,t:,^) with G ^ Cm (see §56.1). Therefore, K*{h) e 
Hom°^{{W^N)b-oc, H, a;), since {W^E)b.oo h is the principal G^'^-bundle over 

Consider an extension h : Z^fe(M, N) Al ofh, hence h G H|(iV, Z(Q.)). 

We have the locally analytic mapping Ln from A* onto The group 
{W'^N)h.^^H is commutative, therefore instead of Hom'^{{W^ N)h-oc^H, A;) 
we can consider the commutative additive group Hom°°{{W'^ N)f,.^^H, Ar), 
where Ar is considered as the additive group {Ar, +)■ At the same time the 
group Z{Cr) is commutative. Then Ln{K*{h)) e Hom°°{{W^N)b.^^H,Ar). 

For each ^ G zf^{M, N) there exists C e (W^^^Ar)^,.^^,^ and Or] G BJ;,(M, iV) 
such that e = /«(C)+^?7, since : 7ro((W^^£;; AT, A;, P)b;oo,H) ^ H|(A^, Z(C)) 

is an isomorphism due to Theorem 58. Then for each extension h : Z^(,(M, A") - 
A* of h there is the identitv: 

due to Section 53 and Lemma 59. Therefore, h has a unique extension h. 
This implies that k is an isomorphism. 

61. Remark. Mention that Theorems 55, 58 and 60 can be proved 
in another way using the corresponding statements over C and the twisted 
structure of sheaves over {ig, ...,i2r-i}. 
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